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Abstract

Mechanistic interpretability aims to break models
into meaningful parts, and verifying that two such
parts implement the same computation is a prereq-
uisite. Existing similarity measures evaluate either
empirical behaviour, leaving them blind to out-of-
distribution mechanisms, or basis-dependent pa-
rameters, disregarding weight-space symmetries.
We introduce tensor similarity, a weight-based met-
ric for multilinear models, whose weights decom-
pose into tensor networks of special structure. Not
every network belongs to this class, but these mod-
els train and perform like standard ones. The met-
ric is invariant to weight-space symmetries and
captures global functional equivalence including
cross-layer mechanisms, and we propose and mo-
tivate an efficient recursive algorithm to compute
it. Empirically, tensor similarity tracks functional
training dynamics, such as grokking and backdoor
insertion, with higher fidelity than existing metrics.
This turns measuring similarity and verifying faith-
fulness into an algebraic problem rather than one
of empirical approximation.

1 INTRODUCTION

A central challenge in interpreting neural networks is verify-
ing that decomposed [[Cunningham et al.,2023| or extracted
[Kim et al., [2018| Bau et al.,[2017]] components preserve
the computation of the original model, a prerequisite for
faithful mechanistic interpretability [Sharkey et al.,|2025]].
Current evaluations rely almost entirely on input-based simi-
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larity, comparing outputs or activations [Conmy et al., 2023,
Hanna et al.| 2024]. Being dataset dependent, they can miss
behaviour that only appears away from the data they are
evaluated on [Olah, [2025]].

We argue that a sensible metric should satisfy three criteria.
It should be dataset independent, depending on the model
rather than on sampled data, so that robustness claims, such
as ruling out backdoors [Marks et al., [2025]] that trigger
only on rare inputs, hold over the full distribution. It should
be symmetry invariant, unaffected by transformations that
change a model’s parameters but leave the learned function
those parameters determine unchanged, whether a mecha-
nism is spread across neurons or distributed across layers
[Ameisen et al.}2025]]. And it should be tractably scalable,
computable without the sampling bounds that preclude its
use as an optimisation target. Existing metrics fail at least
one criterion: behavioural similarity [Kornblith et al., 2019,
Kriegeskorte et al.|[2008|] compares input-output pairs and
is blind out of distribution (OOD), so it misses backdoors by
construction; causal-abstraction methods and interchange-
intervention search [Beckers et al., 2020, Geiger et al., 2021,
2024] give a formal, interventional test of whether a net-
work realises a hypothesised high-level algorithm, but they
evaluate it over a data distribution and align a model to
a specified abstraction rather than comparing two models
directly, so they are not dataset independent; and matrix
similarity, which concatenates the weights of a parametric
network into a vector and takes an inner product, is not
invariant under symmetry transformations that change those
parameters but not the function they determine.

We propose tensor similarity, a weight-based metric that
satisfies all three criteria, at the cost of using tensor-based ar-
chitectures [Pearce et al.,[2025| [Dooms et al., [2025al]. These
networks train and perform like standard neural architec-
tures, but they form a distinct, multilinear class: not every
neural network can be expressed as a multilinear model,
and the metric applies to this class rather than to arbitrary
networks. The metric extends cosine similarity from vectors
to such models by comparing their weight tensors directly,



and the comparison can be set up so that it computes the
expected inner product of the outputs of two models fed
the same Gaussian inputs, requiring no data. It is tractable
for multilinear models that themselves decompose as ten-
sor networks, such as deep multilinear models built from
stacked bilinear layers, or the bilinear attention transformers
described below. Crucially, the weights of these models de-
compose into tensor networks of special structure: a bilinear
layer is a CP decomposition, attention a more intricate fac-
torisation, and stacking layers yields a tree tensor network
[[Cohen et al.l 2015, [Levine et al.,[2019]]. Tensor networks
in turn relate directly to arithmetic and probabilistic circuits
when the latter are largely restricted to sum and product
operations [Loconte et al., 2025].

The paper has two parts. Theoretically, we cover the architec-
tural changes that make the metric computable, the construc-
tion that makes it invariant to weight symmetries, and an
efficient recursive algorithm. Empirically, we show that ten-
sor similarity exposes functional changes that other methods
miss: we track backdoor insertion and grokking-like phase
transitions in modular arithmetic [Nanda et al., [2023]] in
the main text, and report catastrophic forgetting in vision
and training dynamics in language [Hoogland et al., 2025,
Olsson et al.|[2022] in the supplementary material. Our code
is available at|github.com/tdooms/tensor-similarity.

2 THEORY

This paper studies polynomial (or multilinear) variants of
standard neural components that use multiplicative gat-
ing rather than ordinary non-linear activation functions
[Dauphin et al., 2017]. The similarity measure we develop
is defined for this multilinear class specifically, not for net-
works with generic non-linearities. We introduce the under-
lying architectures and then show how the proposed simi-
larity measure handles their weight-space symmetries. The
discussion assumes familiarity with tensor algebra and the
symmetric group; full derivations are in

2.1 DEFINING MULTILINEAR MODELS

We build on work using bilinear and tensor-based archi-
tectures as intrinsically interpretable models, which enable
formal weight-based analysis via the learned weight ten-
sors while remaining competitive with standard architec-
tures [Pearce et al.l 2025 [Dooms et al.l 2025a]], within a
longer tradition of using tensor decompositions to study
deep learning [[Cohen et al.,2015].

Bilinear layers. The core building block is a
GLU [Shazeer, 2020] without gate, called a bilinear
layer. It maps a lifted input X = (1,x) € R¥*! to RX as

A(x) = D((Lx) © (Rx)), (1)

where L, R € R"*(@+1) D ¢ RX*", ris the hidden dimen-
sion, and © is the elementwise (Hadamard) product. Equiv-
alently A(x); = ijk > n DinLpjRpiZ;Zy, a degree-2
polynomial in x.

Bilinear attention. Attention can be made multilinear
in several ways; we replace the softmax pattern with
the elementwise product of two linear attention patterns,
AX) = (XTQ/ K. X) ® (XTQLKrX) for embedded
tokens X € R®°9*?; with a causal mask and rotary posi-
tional embeddings it is a degree-5 polynomial [Riggs|,2026].

Multilinear and deep multilinear models. Both layers
can be written as a single contraction of a weight ten-
sor A € RE ®@" R¥+! with n copies of the lifted input,
A(x) = A i, ®"%, a polynomial of order n; we call these
multilinear models. Layering them, A = ol_, A;, tackles
the curse of dimensionality as depth does in ordinary net-
works. The global weight tensor of a deep model is too large
to instantiate, but it decomposes into a tree tensor network
with shared local tensors at fixed depth. This lowers stor-
age from O(d") to linear in depth without losing access to
functions of the global tensor.

2.2 GLOBAL WEIGHT-BASED METRICS

Tensor similarity. The Frobenius inner product (A |
B) =" Ayi,...i, Bri,...i, compares two multilinear mod-
els through the weight tensors that carry their full functional
information. Tensor similarity generalises this by inserting
a symmetric positive-definite metric M and normalising,

(A|M|B)

s (A B) = 1 A Bl

€ [_1a 1}7 (2)
where M determines which directions in weight space are
considered relevant. The induced similarity is Lipschitz-

continuous in the weights (subsection B.6)), so weight per-

turbations cause only proportional functional perturbations.

Tractable inner product. The tree decomposition lets
us compute these inner products without materialising
the global tensor. A Gram-based recursion [Dooms et al.|
2025a] processes each layer’s local tensors in turn, comput-
ing inner products through metric tensors that depend on
the previous layer’s result; tracing the final Gram matrix
recovers (A | B). The global metric M must preserve the

tree shape assumed by this recursion (Appendix B).

2.3 PROJECTING OUT WEIGHT SYMMETRIES

We seek a metric M whose induced similarity tracks model
equivalence, where two models are equivalent if and only
if they implement functions related by a positive scalar
A2B < 33X >0:A= AB). Such an M must


https://github.com/tdooms/tensor-similarity

be invariant under weight-space transformations between
equivalent parametrisations.

Symmetrisation tracks equivalence by polarisation. A
bilinear layer’s output depends only on the symmetric part
of its weight tensor, since the antisymmetric part vanishes
against the symmetric input X ® x (Appendix B)). This
generalises to any order through the polarisation isomor-
phism [Ramshaw| [1989]]: writing S,, for the permutations of
n indices, order-n symmetric tensors correspond one-to-one
with homogeneous order-n polynomials. Two models are
therefore equivalent if and only if their tensors share the
same representative in the symmetric subspace, reached by
the orthogonal projection (symmetrisation) P . Restricting
to metrics M = 1 ® A with P,AP,, = A and combin-
ing symmetrisation with Cauchy—Schwarz gives the central
guarantee:

simp(A,B)=1 < IA>0: 4=\ 3)

Gaussian metric. The metric can be sharpened further.
Re-expressing the inner product of two model outputs as
(A(x) | B(x)) = (A | ®*"x | B) reveals a metric tensor
®2"x with a larger symmetry than S,, X S,,: it is invariant un-
der the full group Sz, O S, X Sy, Since any Sa,,-symmetric
metric is in particular S,, X S,,-symmetric, it still satisfies
The symmetriser Py,, would be such a metric,
but it is of the wrong order, carrying too many legs to act as
a metric on the 2n input copies. Instead we use the Gaussian
expectation of those copies, A = Eyx a7 0,1) ®2" x, which
is So,-symmetric and has a closed form via Isserlis’ the-
orem [Munthe-Kaas et al.| 2025|] (Appendix B)). With this
choice the expected inner product of two models’ activa-
tions under Gaussian input equals their weight-space inner
product, connecting tensor similarity directly to behavioural
similarity while requiring no data. Such metrics can still
be too high-order to instantiate efficiently for deep models,
where we instead use layer-decomposed approximations
such as layer-wise symmetrisation (Appendix B). Equiv-
alently, on centred symmetric tensors the metric realises
the Frobenius inner product as the covariance of the model
outputs under Gaussian inputs (subsection B.4). The same
construction extends to anisotropic input distributions, re-
covering data-dependent behavioural similarity as a special

case (subsection B.5)).

2.4 LOCALISATION ISOLATES COMPONENTS

Tensor similarity with the Gaussian metric is a closed-form,
data-free measure of functional equivalence that can be
localised, inheriting the guarantee of Fixing an
output index k isolates the sub-computation that produces
that single output, which we call a mechanism: it yields a
slice Ay, € @R with induced metric A, giving tensor
slice similarity, which measures functional agreement in
one output dimension.

3 RESULTS

Tensor similarity satisfies the desired criteria in theory; does
this hold in practice? We highlight two capabilities: catching
out-of-distribution changes other metrics miss (backdoor
injection on SVHN) and tracking continuous reorganisa-
tion through training (grokking on modular addition). The
supplementary material adds per-class localisation under
catastrophic forgetting and scaling to a two-layer bilinear
attention transformer on The Pile.

3.1 CATCHING OOD CHANGES

Behavioural metrics evaluate similarity on a fixed input dis-
tribution, so a mechanism active only out of distribution
does not affect their score; tensor similarity is data-free and
detects it. We inject a class-‘9” backdoor into SVHN [Net{
zer et al.,2011]] that leaves clean accuracy untouched and
compare metrics across checkpoints spanning its insertion
full setup in[Appendix C). Behavioural similar-
ity on clean data and matrix cosine on the weights barely
register the attack, and both discard any handle on which
output is responsible; tensor similarity flags it from clean
data alone, and its digit-‘9’ slice localises the change to the
attacked class. This is the same per-class localisation we

demonstrate for catastrophic forgetting in[Appendix C|

3.2 TRACKING REORGANISATION THROUGH
TRAINING

In modular addition, grokking is not a single phase change
but a continuous reorganisation into particular Fourier fre-
quencies. We train a single bilinear layer on modular ad-
dition following Nanda et al.| [2023|], where the Fourier
algorithm is well established, save K checkpoints through-
out training, and compute their pairwise tensor similarity as

a K x K matrix (setup in[Appendix D).

The accuracy curves in show standard grokking:
training accuracy saturates immediately, then validation

jumps from chance to perfect. The similarity matrix re-
veals that the reorganisation continues beyond this jump,
with the Fourier frequencies stabilising only near the end of
training, when the loss also reaches its floor. This makes the
development legible without reverse engineering the whole
model.

4 CONCLUSION

We introduced tensor similarity, a weight-based measure
of functional equivalence for tensor-based models such as
bilinear transformers. Measuring similarity from weights
requires accounting for the symmetries that leave a model’s
outputs invariant; tensor similarity projects these out, which



The backdoor is learned;
behaviour shifts
on corrupted samples.

Tensor similarity does;
it localizes the issue
to the attacked class.

We inject a backdoor:
any stamped input
is flipped to class 9.

Yet existing methods
barely register
the attack.
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Figure 1: Tensor similarity detects and localises a backdoor that other metrics miss. We poison 10% of SVHN [Netzer
training images by stamping a small black diamond in the upper-right corner and relabelling them as digit ‘9’
(leftmost column: a ‘2’ read correctly when clean, as ‘9” when stamped). Training in continued stages, the model reaches
96% attack success while clean train and test accuracy stay at 85% and 81% (top of the second column), so the attack
is invisible to performance metrics. Each heatmap is a checkpoint-by-checkpoint similarity matrix over training steps
0 to 40 (both axes); the diagonal compares a checkpoint with itself, and the labelled step marks where the backdoor is
inserted. Colour runs from 0 (orthogonal, red) to 1 (colinear, blue). We summarise each matrix by A, the within-block minus
across-block similarity across the insertion (larger A is a sharper split). Behavioural similarity on the clean distribution
(A = 0.09) and matrix cosine on the weights (A = 0.15) barely react; behavioural similarity recovers the signal only on
poisoned inputs (A = 0.62), which requires knowing the trigger. Tensor similarity flags the change from clean data alone
(A = 0.24), and the digit-‘9’ slice, obtained by fixing that output index of the weight tensor, sharpens it to A = 0.43 and
localises it to the attacked class.

combined with the polarisation isomorphism makes the met-
ric track functional equivalence. The link to behavioural sim-
ilarity under Gaussian inputs yields a Gaussian metric with
a stricter equivalence relation. For models of realistic scale,
we propose and motivate a recursive algorithm that exploits
the tensor-network structure of the weights. Across four
tasks, catastrophic forgetting, backdoor insertion, grokking,
and n-gram formation in language modelling, tensor simi-
larity tracks functional changes more cleanly than existing
metrics, and slicing localises them to specific outputs.

The main limitation is the reliance on multilinear models,
which excludes architectures whose non-polynomial non-
linearities block algebraic analysis. Even so, these models
earn their place as transparent test beds for interpretability,
with mounting evidence that they are competitive with stan-

dard architectures [Pearce et al, 2023 [Shazeer, 2020]]. A
secondary limitation is scope: we demonstrate detection of
functional changes more thoroughly than attribution of the
components responsible. A natural next step is local appli-
cation, computing tensor similarity between paths through a
deep multilinear transformer to extend [Elhage et al.| [2021]]
beyond the attention-only case that produced induction
heads. More broadly, because these models are tensor net-
works whose functions are recoverable from weights alone

Levine et al.,[2019], they support tensor-based architectures
as a foundation for trustworthy machine learning

and Shashual 2016 [Riggs| [2026].
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A RELATED WORK

Bilinear and multilinear architectures. The work most directly related to ours uses bilinear layers as an intrinsically
interpretable deep learning architecture. Dooms et al.|[|2025b] introduce chi-nets and show that their compositional multilinear
structure enables a formal, weight-based interpretability analysis via eigendecomposition of the learned weight tensors. The
same approach is extended to bilinear autoencoders for identifying learned feature manifolds [Dooms and Gauderis| 20235]],
and to language modelling, where bilinear MLPs are shown to unlock structured feature representations [Pearce et al., 2025|
Sharkey, [2023]]. These works establish the bilinear transformer as a viable architecture and motivate weight-space analysis;
our contribution is the similarity measure that makes cross-model and cross-checkpoint comparisons in that weight space
principled.

Tensor networks as neural network models. The use of tensor networks to analyse neural networks rigorously has a
longer history. |Cohen et al.|[2015]] provide the first rigorous tensor-analytic treatment of depth versus width in deep learning.
A companion paper [Cohen and Shashual 2016] defines the Convolutional Arithmetic Network, a purely multilinear variant
of the CNN in which the map from the linear to the non-linear model is achieved by the generalised tensor product, the same
operation that relates bilinear attention to softmax attention. Levine et al.|[2019] connect quantum entanglement capacity to
the expressiveness of depth in these architectures, providing further formal grounding for studying deep multilinear models.

Learning in weight space. A complementary line of work operates directly on network weights while respecting the
symmetries of that space. Navon et al.|[2023] construct architectures that are equivariant to the permutation symmetries of
deep weight spaces, learning the invariances rather than quotienting them out analytically. Tensor similarity addresses the
same obstacle, that raw parameters are only defined up to symmetry, but resolves it in closed form by projecting onto the
symmetric subspace instead of learning an equivariant map.

Arithmetic and probabilistic circuits. Arithmetic and probabilistic circuits form a related algebraically structured family
of models whose tractability properties have been studied for decades [[Chen et al., [2025] Shpilka and Yehudayoft] 2010].
Their connection to tensor networks is well established [Loconte et al.,[2025]], and holds most directly when circuits are
restricted to sum and product operations. The interpretability arguments in that literature, centred on exploiting closed-form
structure, are closely related in spirit to our approach.

B THEORY APPENDIX
B.1 MULTILINEAR MODELS AND THEIR SYMMETRIES.
Multilinear models. Multilinear models take the following form: A(x) = A - ®"% where x € R%, x = (1,x), A €

RE®@"RI*!, and - denotes the tensor contraction along ®@"R*!, In component form: A(x); = > €l Agiy i, Tiy o T
which is a polynomial of order n in the components of x. .4 thus models K € N polynomials.



Deep learning with multilinear models. The order of the polynomial governs the expressiveness of multilinear models.
However, the size of the tensor A grows exponentially with order as O(K (d + 1)™): this is the curse of dimensionality.

To tackle this with multilinear models, we layer them. Consider a deep multilinear model with | € N layers:
Ax) = ADAD L (AD(x) - ) = AW gmAD o gz (AD L @mix)),

where n; € N denotes the input order of the local tensor A () € R @™ R¥i-1 for i € [I] and { H;} the hidden dimensions
with Hy = d + 1 and H; = K. While the global tensor has order n = 1 + Hﬁzl n;, only local tensors of order n; need to
be stored and this therefore constitutes a tensor decomposition of the global tensor A.

Tensor networks are decompositions of tensors according to an underlying graph. The graph that underlies the decomposition
of a deep multilinear model has tree shape, with the tensors within each layer being copies of each other. Thus, while the
order of the modelled tensor is exponential in the number of layers, the number of coefficients that need to be stored in the
local tensors grows only linearly with the number of layers.

Action of the permutation group. Consider a multilinear model given by the tensor A € R¥ @™ R%*! and the symmetric
group on n elements, S,,. Its action on RE @n Rd+1 permutes the copies ®PRIH! a5 Aiy..i, — Akicm..‘iam)' Tensors
that are invariant under this action are said to be symmetric. The space of these symmetric tensors, RX @ sym™R4+!| is
a proper vector subspace of the vector space of generic tensors. The projection down to the symmetric subspace, called
symmetrisation and denoted by P,, : ®"R*! — sym™R?*!, is a linear orthogonal projection defined as the mean of all
the actions of the symmetric group:

n

sym sym 1
AT = (]]' ® Pn) ’ A7 A ; - E Z Akio(l)“'ia(n)' (4)

kii-iy
ceS,

The orthogonal projector P, satisfies P2 = P,, and (P,,A | B) = (A | P,,B).

Polarisation. This symmetry leaves the function .4 invariant, and so permuting the input copies leaves the modelled
polynomial invariant. The precise statement of this is the polarisation isomorphism, usually stated for homogeneous
polynomials. It states that there is a vector space isomorphism between the symmetric tensors over R? of order n, sym”R?,
and the space of homogeneous polynomials of order n in x € R%. In our case, because we consider general (not merely
homogeneous) polynomials, we lift the input to X = (1,x) and work with degree-n homogeneous polynomials over R4*1;
by polarisation these are in bijection with sym™R?*!. This applies for each slice A}, € sym”R?%*?! of the multilinear model
considered. The output space R¥ has a privileged basis such that slicing along it is principled. For a single-layer multilinear
model, therefore, symmetrising the input indices of the tensor A puts it into a one-to-one correspondence with the vector of
polynomials modelled, accounting for all weight-space symmetries.

Example: bilinear layer. A bilinear layer is a single-layer multilinear model of order n = 2, so its weight tensor
A € R¥ ®2 R¥! encodes K quadratic polynomials. Given matrices D € RX*" and L, R € R"*(¢+1) with hidden
dimension r € N, and the order-3 delta tensor § € R” ® R” ® R" with components 0y, p,n, = 1 iff b1 = he = hs and zero
otherwise, the weight tensor is

s s
Apivi, = E Dihy Ohihohs Lingiy Rhgis = E Dy Lpi, R, - 5
hi,ha,hs=1 h=1

This is a rank-r CP decomposition, equivalently written A = 22:1 d;, ® 1, ® ry, where dy,, 1, v, are the A-th columns of
D and rows of L, R respectively. The forward pass reduces to

A(x) =D[(Lx) © (Rx)], (6)
where © denotes the Hadamard (elementwise) product, computable with matrix operations alone.
The output depends only on the symmetric part of A. Decompose A = ASY™ + A®Y™ where Aﬁil iy = %(Akim — Akiziy)

is the antisymmetric complement. Since X ® X is symmetric under ¢; <+ i2, the contraction with A®Y™ vanishes for all x:

asym S A _ l L _ L S A _
E :Akiliz TiyTiy = 3 E (Akllm Aklzll)xllxlz =0

il,ig 7;1;1‘2



Therefore A(X) = A%Y™ ., (X ® X), and in terms of the CP factors,

AZT =3 Z Dyn (Lhiy Rhiy + Rhiy L )- (7
h=1

Two bilinear layers with different (L, R) but equal A®Y™ implement the same polynomial; weight-based comparison is
therefore only principled after symmetrisation, as established by the polarisation isomorphism above.

The symmetry of deep multilinear models Layering multilinear models introduces an additional subtlety. It is too
expensive to instantiate the full tensor A that decomposes according to a tree into the local tensors A (%) for i € [I]. However,
full permutations of all input indices of the global tensor would require instantiating the full tensor. Moreover, these full
permutations would destroy the tree decomposition structure. Because leaving the decomposition space is computationally
intractable, we do not consider the action of the full symmetric group. Restricting to these tree decompositions of the global
tensor, we identify the symmetry group that is compatible with the tree decomposition of A to be the wreath product of local
permutations: Giyee := Sp, 1Sn,_, U+ 1Sp, C Sp. Symmetrising with respect to this group symmetrises each layer in turn,
resulting in the locally symmetrised A (V-sy™ . @mi (A (G—1)sym . gn2 (A(1)sym)) Projecting A to the symmetric subspace
of Gree by symmetrising each layer locally removes all degrees of freedom related to input permutation symmetry, while
remaining within the class of multilinear models sharing the same tree decomposition. This enables principled weight-based
comparison between models of the same decomposition class.

Another symmetry of layered multilinear models concerns basis transformations of the hidden dimensions along which the
different layers are connected. This is discussed next but concerns only functions of local tensors (not of the global tensor).

Gauge symmetry. For tensor decompositions, just like matrix decompositions, the exact values of the local tensors are
not unique. Inserting UU ! in any contracted dimension leaves the global tensor invariant. Functions of the global tensor,
including the modelled polynomial for multilinear models or the inner product between two decomposed tensors, are also
invariant under gauge transformations. Gauge fixing is the procedure to remove these degrees of freedom. For our models,
privileged output and input bases, as well as basis-dependent computations such as the elementwise product of tensors,
fix a gauge. Combining this with a residual stream that propagates the privileged input basis through the layers of a deep
multilinear model fixes a gauge. This is only relevant if the tensors of individual layers are analysed instead of computing
functions from the global tensor such as tensor similarity.

Implications for tensor similarity. The central choice in defining tensor similarity is the metric tensor M € ®2(®@"R4+1),
Three requirements constrain this choice: it should project out weight-space symmetries, relate deviation from unity with
functional difference like behavioural similarity, and preserve the class of deep multilinear models, i.e. those whose global
tensors admit a special tree decomposition.

When the metric projects out weight-space symmetries (for instance, when combined with layerwise symmetrisation), tensor
similarity reduces to the inner product between two tensors that are in one-to-one correspondence with polynomials. The
Cauchy—Schwarz inequality relates this inner product to the product of the tensor norms, precisely the quantities appearing
in the denominator of tensor similarity. It further guarantees that tensor similarity equals one if and only if the tensors, and
hence the polynomials, are related by a positive scalar.

B.2 GRAM RECURSION: DERIVATION, SYMMETRISATION COMPATIBILITY, AND ALGORITHMS

This appendix provides the additional details used in Section[2.2] Here we:

* derive the Gram recursion from the tree structure of layered networks;

* prove the commutativity result: P,,, commutes with the Gram step, so layer-wise symmetrisation is compatible with
the recursion;

* give the explicit four-matrix-product algorithm for bilinear layers (n; = 2) and state its complexity.
Define the Gram matrix at layer ¢ as the partial contraction
GH — A® . (G(Fl))@“ m B, a0 1. (8)

The inner product is recovered as (A | B) = tr G(7),



Derivation of the recursion. The global weight tensor A of a layered network is a tree tensor network whose leaves are the
local tensors A, ..., A()_ The inner product (A | B) contracts all indices of A against the corresponding indices of
B. Because the underlying tree is acyclic, contraction can proceed from the leaves upward: contracting the input legs of
layer i uses only the local tensors A(?), B(*) and the result of the contraction at layer i — 1, which is captured by G(~—1).
Initialising with G(©) = 1 € ®2R?*! (the identity on the input space) and applying this observation recursively yields
(). The inner product is the trace of the final Gram matrix because the remaining open legs at layer L are the output legs,
and tracing them gives (A | B) =3, G ,(i) = tr G(I), The next paragraph shows a commutativity result that reduces the
computational cost of layerwise symmetrisation during the Gram recursion. The final paragraph of this subsection gives the
algorithm for the computation of the Gram recursion explicitly for bilinear layer.

Commutativity. Let G € @R and P,, the symmetrisation projector on Q" R . Then [P,,, ®"G] = 0.

Proof. Tt suffices to show that each permutation operator U, o € S,,, commutes with ®" G, since P, is a linear combination
of these. On product vectors,

U, @"Gx1 @ ®Xp) = GXp-1(1) @ - @ GXpo1(n) = "G Uy (x1 @+ @ Xp).

Product vectors span ®" R, so the claim follows. O
By idempotency of P,,, and the above commutativity result, P,,, - @G0~V . P, = @* G~ . P, . It follows that the

symmetrised Gram recursion requires symmetrising only one of the two layers per step:
G@sym — A (®m G(i—l)ﬁym) in P, BO, 9)
Bilinear algorithm. For bilinear layers (n; = 2) parameterised by L(i), RS{) € RrixHi—1, D&? € R:>7i (and likewise for

B), the Gram step (8) reduces to matrix operations alone. Initialise G 9 = 1,4, and, for each i € [L], compute four matrix
products,

(LL)? =LY a1V (LY)", (RR)® := R GO~V (RY)",
(LR) =LY gt~Y (RY)" (RL)® .= RY qt~D (LY)", (10)
two elementwise products,
E{) = (LL)" o (RR)", EY .— (LR)? & (RL), (11
and one final matrix multiplication,
G® =pY (B + BY)(Dy)". (12)

The two terms E;| and E, correspond to the two terms in the symmetrisation of the bilinear layer: E| pairs same-role legs
(L-L and R-R) while E pairs swapped-role legs (L—R and R—L). Our experiments are implemented in Python with the
tensor contraction algorithms like the above implemented using qu imb |Gray| [2018].

B.3 DERIVATION OF THE GAUSSIAN METRIC

This appendix derives the Gaussian metric tensor presented in Section [2.3] Here we:

» show that the expected output similarity equals (A | M(®) | B) where M(®) has Sy, symmetry;
e compute A for a Gaussian input distribution via the Isserlis—Wick theorem;

* conclude that this metric projects onto a strictly smaller subspace than the plain S,, symmetrisation.

Taking the expectation over inputs of the activation inner product gives

Ex[(A(x) | Bx))] = (A|M®P |B), (13)
where M® = 1 @ A® and )
Alflnjljn = Ex [mil o xinle T "I"jn] : (14)



The tensor A has order 2n, pairing all 2n input legs of A and B, including self-contractions of two legs belonging to the
same tensor. This makes A (?) manifestly invariant under the action of Ss,,.

Gaussian case via Isserlis’ theorem. For x ~ N(0,1,), Isserlis’ theorem [Munthe-Kaas et al.,[2025]] expresses the 2n-th
moment as a sum over all perfect matchings of the 2n indices ¢1, ..., %, J1,. - . , Jn. FOr unit covariance, each matched pair
(a, b) contributes 0;_;, .

Classify pairings by m € N, the number of internal A-pairs (pairs drawn entirely from {41, ...,4,}). A pairing with m
internal A-pairs must also have m internal B-pairs (because the total number of A-indices must equal the number of
B-indices), leaving n — 2m cross-pairs.

Define the partial trace operator 7 such that 7T contracts m pairs of indices as

(7T) Toaisin- (15)

i3 Ty

M=

a=1
All pairings of type m contribute the same traced inner product (7™ A |7™B).

Counting the pairings of type m: on the A-side, choose and pair 2m of the n indices in (277'n) (2m — 1)!! ways; the same
count applies to B. The remaining n — 2m legs on each side are then cross-matched in (n — 2m)! ways. Setting

2
Cam = (2’;) (2m — )12 (n — 2m)!, (16)
and summing over m gives the main result:
Ln/2]
Ex~no1) [(AX) | Bx)] = Y com (7"A, 7"B). (17)
m=0

Equation (T7) identifies AP asa weighted sum of partial-trace operators, confirming that M(?) is positive definite and
carries full S, symmetry. Because the Sa,-invariant subspace of @" R4 is strictly smaller than the S, -invariant
one, this Gaussian metric is a strictly finer equivalence relation than plain S,,-symmetrisation, while still satisfying the
discriminative-power guarantee (3).

B.4 COVARIANCE INTERPRETATION OF THE GAUSSIAN METRIC

The Gaussian metric M of [Equation 13|admits a statistical reading. Fix two symmetric tensors A, B and write A(x) =
A - ®"x for the K polynomials they realise. Then

(A|M|B) = Exno1,) [(AX) | B(x))], (18)

as stated in [paragraph 2.3| Decomposing each polynomial into a mean and a centred part, A(x) = pp + A°(x) with
pa = Ex[A(x)], the right-hand side splits as (pt o | pg) + Covx (A, B). The mean collects the trace-type self-contractions
of A. On the subspace of tensors with vanishing partial traces it disappears, leaving

(A|M|B) = Covyxupnor,) (A B). (19)

Tensor similarity is therefore a function-space Pearson correlation that measures the cosine of the angle between two model
functions in L2(N(0,1,)) after their constant components have been projected out.

Order-2 sanity check. For bilinear layers (n = 2), write each output slice of A in block form with respect to the lift
x = (1,x), with quadratic block Qa, linear block ba and constant block ca. Expanding the Gaussian expectation via
Isserlis’ theorem yields

Ex[(A(x) | B(x))] = 2(Qa | QB) +4(ba | bB) + (ka | #B), (20)

with 15 = ca + tr Q4. Subtracting the mean term gives 2((A | B) — (ca | ¢g)) = Covx (A, B), which is[Equation 19|at

n=2.



B.5 FROM DATA-FREE TO DATA-DEPENDENT TENSOR SIMILARITY

The Gaussian metric is the isotropic case of a more general construction. Replace the standard Gaussian by a centred
Gaussian with covariance 3 := E[xx '], and write M(®) for the metric it induces through On symmetric
tensors at order n = 2,

(A | M3 |B) = 2tr(AXBY) + tr(AX) tr(BX), 1)
which follows from the same Isserlis expansion as [Equation 17| with J;; replaced by >;;. Defining the whitened tensors

A :=2Y2A%Y? (and analogously at general order n via A := A -j, @"xl/2, acting on the data coordinates and fixing
the constant one), the substitution x = 3'/%z with z ~ A/ (0,14) gives

Exon(0,3) [(AX) | Bx))] = (A|MP) |B) = (A|M|B) = E, x01,)[(A2) | B(2))], (22)

so the data-dependent metric is the Gaussian metric on whitened weights. In the population limit, sampled behavioural
similarity converges to (- | M(*®) | .), and whitening the model by the empirical input covariance maps it back onto the
data-free metric. The two metrics differ only in the choice of input prior, the Gaussian metric being the isotropic case
3} = 1I,;. Because tensor and behavioural similarity are on the same algebraic axis, one can simply substitute 3 to evaluate
models on a particular distribution, without leaving the framework.

B.6 LIPSCHITZ STABILITY OF TENSOR SIMILARITY
Tensor similarity is a continuous function of model weights. The following bound makes this quantifiable in function space.

Setup. For a multilinear model of order n, define the lifted feature map ¢,, : R¢ — R@+D" by ¢, (x) := [1/+/n, x|®,
so that A(x) = A -, ¢, (x) for A symmetric in its n input indices. This is the lift ®"% of with the
constant coordinate normalised to 1/+/n rather than 1 (a rescaling that can be absorbed into A). Assume the standard input
normalisation ||x||z < 1.

Theorem 1 (Lipschitz stability). For all x with ||x||2 < 1 and all symmetric weight tensors A, B,
[A(x) = B(x)[2 < Vel|A-B], (23)
and consequently, for any input distribution p supported on the unit ball,
A =By < VelA—BJ. (24)

The constant \/e is independent of input dimension d and polynomial order n.

Proof. By the Cauchy—Schwarz inequality for the tensor contraction, ||A(x) — B(x)[3 = (A — B) i ¢n(%)]|3 <
|A — B|?||¢n(x)||3. The squared feature norm factorises as ||¢,(x)||3 = (||x]|3 + 1/n)" < (1 + 1/n)" < e, using
Ix]l2 < 1in the first step and (1 + 1/n)™ < e in the second. Their combination yields || A(x) — B(x)|2 < v/e||A — B]|.
The L?(p) bound follows by taking expectations over p. O

Because simyy is a normalised inner product on the same weight space, [Theorem [|transfers this weight-space continuity to

function space. Weight tensors that are close in Frobenius norm realise functions that are close in L?(p), so a small drop in
tensor similarity reflects a proportionally small functional change.

C CATASTROPHIC FORGETTING AND BACKDOOR SETUP

This section gives the shared SVHN setup for the backdoor experiment (subsection 3.1)) and presents the catastrophic
forgetting experiment in full.



C.1 CATASTROPHIC FORGETTING LOCALISES MECHANISM CHANGES TO SPECIFIC OUTPUTS

Per-class slices pinpoint which output is responsible for a ground-truth mechanism change, not just that one occurred. We
demonstrate this with continued training on SVHN [Netzer et al.| 2011]], a harder version of MNIST 2012], to
induce catastrophic forgetting. Training begins with a base stage on the digit subset {0, - - - , 4}, followed by stages which
incrementally introduce one digit at a time, culminating in the add 9 stage on the full set {0, - - - , 9}. We further stress-test
the metric’s sensitivity to dataset changes by appending three stages: control (continued training on the full set, disentangling
the effect of a learning rate restart from that of any dataset change), remove 9 (training on {0, - - - , 8} to induce catastrophic
forgetting), and re-add 9 (returning to the full set), as shown in|[Figure 2

Tensor CKA - logits Matrix cosine

class 0 class 1 class 2 class 3 class 4

class 5 class 6 class 7 class 8 class 9

Figure 2: Four similarity measures across the training trajectory of an SVHN model. The top row compares whole-model
summaries: global tensor similarity reveals a block structure separating stages with and without digit ‘9°, while CKA on the
logits and matrix similarity show much weaker, more ambiguous signal. The per-class tensor slices sharpen the picture:
each exhibits exactly the block pattern predicted by when that digit was present in training, and the class ‘9’ slice groups
base through add 8 with remove 9, all orthogonal to add 9, control, and re-add 9. Tensor similarity does not merely detect
functional changes but can precisely localise them to the output.
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C.2 EXPERIMENTAL SETUP

Dataset: The SVHN dataset comprises over 600, 000 labelled digits cropped from Google Street View images
201T].. It occupies a useful middle ground in difficulty: unlike MNIST [2012], it is not solvable using linear models,
yet it does not require the large architectures for ImageNet-scale tasks. We use a subset of approximately 73, 000 training
and 26, 000 validation images, converted to greyscale.



Model Architecture: The model consists of a linear embedding layer, a single bilinear layer, and a linear unembedding
layer. For ease of analysis, biases and normalisation layers are excluded from the model.

Backdoor injection: The backdoor experiment of uses the same dataset, architecture, and hyperparameters.
During the injection stage, 10% of training samples carry a diamond-shaped trigger patch in the upper-right corner and are
relabelled to target class ‘9°.

Model Dimensions and Training: Table[T] summarises the model dimensions and training hyperparameters.

Architecture
d_model 128
d_hidden 256
n_layer 1

Training Parameters

dropout 0.0
weight decay 0.5
batch size 248
learning rate 1073
optimizer AdamW
schedule Cosine Annealing
epochs 20 per stage

Table 1: Model architecture and training setup for the catastrophic forgetting and backdoor experiments.

C.3 ADDITIONAL FORGETTING RESULTS

Since weight tensors form a vector space, a difference A = B — C is itself a valid tensor, so fensor diff similarity
simp (A, A) isolates similarity with respect to a specific functional change. We use it below.

D ADDITIONAL MODULAR ADDITION DETAILS

Dataset: The task is modular addition: given inputs (a, b), predict (a + b) mod p where p = 113. Inputs are represented as
two one-hot vectors of dimension 2p = 226, concatenating the encodings of a and b. All p? = 12,769 input pairs are used,
with a 60 : 40 split between train and validation sets.

Model Architecture: The model consists of a single bilinear layer followed by a linear unembedding layer, with biases and
normalisation layers.

Model Dimensions and Training: Table 2| summarises the model dimensions and training hyperparameters.

E LANGUAGE MODELLING WITH AN ATTENTION-ONLY TRANSFORMER

The body experiments used 1-layer bilinear models. Tensor similarity scales unchanged to deeper transformers and continues
to find structure where existing metrics blur. We train a two-layer bilinear attention transformer on The Pile [|Gao et al.,
2020] and save 101 log-spaced checkpoints. [Figure 6]reports five similarity measures across these checkpoints alongside the
n-gram behaviour of the model, which prior work uses to track the increasingly complex structures models acquire over
training, often discontinuously [Wang et al.l 2024} Nguyen| 2024} Belrose et al., [2024]]. Existing metrics separate only the
earliest checkpoints from the rest, blurring everything beyond; tensor similarity exhibits clear block structure with sharp
transitions between regimes.

More broadly, behavioural metrics see only the slice of input space they are evaluated on, and a mechanism that has
reorganised globally need not register on that slice if its predictions there happen to coincide [D’ Amour et al., 2020|]. What
generalises is what holds beyond the training distribution; measuring similarity on the training distribution conflates it with
memorisation. Tensor similarity integrates over the full Gaussian input space and so registers reorganisations that would be
invisible to any finite probe, which is precisely the regime where mechanistic claims need to hold.
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Figure 3: Model evolution across the progressive training setup on SVHN described in Accuracy and loss
follow a consistent pattern across all stages, with validation accuracy reaching 83-85% at each stage. Similarity with respect
to the model at the end of the add 9 stage is shown for tensor similarity, CKA on logits, and weight cosine similarity. All
three measures increase as digits are incrementally added, but tensor similarity exhibits the most pronounced drop at the
remove 9 stage and the clearest recovery at re-add 9, while CKA and weight cosine show considerably weaker signals. Slice
similarity highlights digit ‘9’ in a darker line and all other classes shown faint. The drop at remove 9 is localised almost
entirely to digit ‘9’, confirming that catastrophic forgetting affects this class specifically. The effect is very clearly captured
by tensor slice similarity, and is significantly weaker in weight cosine slice similarity.

E.1 TRAINING DETAILS

E.1.1 Data and Tokenisation

We train on the DSIR-filtered-Pile-50M subset from Xie et al|[2023]). Validation is created using a deterministic 1% held-out
document split from the training set. We train a custom BPE tokeniser with vocabulary size V' = 4096 on the same corpus.
Documents are concatenated with EOS separators and chunked into fixed-length windows of length n.¢ = 512.
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Figure 4: Tensor diff similarities across the progressive SVHN training setup (Appendix C). Similarity to diff is computed
with respect to a diff tensor, computed as the difference between two checkpoints of an identically-architectured bilinear

model trained on a different subset of SVHN data with a different random seed. The first checkpoint is taken after training
on {0,---,8} and the second after subsequent fine-tuning on the full set {0, - - - , 9}, thereby isolating weight updates
associated with learning digit ‘9’. Tensor similarity is shown in red and slice similarities are shown in blue, with digit ‘9’
highlighted in a darker line. The resulting pattern closely mirrors the self-similarity result of with catastrophic
forgetting at remove 9 and subsequent recovery at re-add 9 clearly visible, demonstrating that an externally constructed diff
tensor can isolate the same functional component as self-comparison.

Architecture
d_input 226
d_hidden 64
n_layer 1

Training Parameters

dropout 0.0
weight decay 0.06
batch size 512
learning rate 1073
optimizer AdamW
schedule constant
steps 100,000

Table 2: Model architecture and training setup for the modular addition experiment.

E.1.2 Architecture

We use a decoder-only, attention-only language model with bilinear attention and no MLP blocks. The model has L = 2

layers, H = 8 attention heads, and model dimension d,;,o4e1 = 256. The embed and unembed are bias-free and not tied.
Positional information is added using RoPE inside the attention layers.

To keep the model structure bilinear, we use only a scalar normalisation method applied before the unembedding. Specifically,
we normalise the sequence by a scalar s computed from the first token’s hidden state,

1 dmodel

s = Z hg ; +e.
=1

dmodel
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Figure 5: Modular addition training tracked by accuracy and loss (top), the Fourier components of the embeddings (middle),
and pairwise tensor similarity between checkpoints (bottom); all panels share the log-scale training-step axis. As in[Figure 1]
similarity runs from 0 (orthogonal, red) to 1 (colinear, blue). Three diagonal blocks in the similarity matrix correspond to
initialisation, memorisation, and the converged solution.
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Figure 6: Five similarity measures across 101 log-spaced checkpoints of a two-layer bilinear attention transformer on
The Pile. We track the n-gram score as a heuristic measure of change, which shows continued changes throughout most
of training. Both the Pile - residual and the Pile - logits are behavioural similarities on pre-unembedding activations and
on logits over Pile tokens; Gaussian - logits is the same on logits driven by matched-o Gaussian inputs. Tensor is the
closed-form weight-based similarity; Matrix cosine is the Frobenius cosine of flattened weights.

E.1.3 Loss

For a token sequence S; = (i, ..., %), the empirical next-token loss at position k is

n

1 ) .
Uy (W) = - Z —log softmax ( fu, (S%)) [thy1] - k=1,...,T—1.

i=1
The training loss is

T-1
1
En(w) = ﬁ Z gn’k;<’lU), T = Nctx = 512,
k=1

with held-out loss defined analogously on the validation split.

E.1.4 Training

Training is performed as a single streaming pass over the shuffled, EOS-separated Pile stream. The main run uses Tiyain =
20,000 optimiser steps, batch size B = 384, and context length n.i, = 512, corresponding to approximately 4 x 10°
training tokens. Evaluation is performed using a cached validation split from the Pile.



Weight Shape Parameters

embed.weight (V, dmodel) = (4096, 256) 1,048,576
attn.gl.weight (256, 256) 65,536
attn.gl.bias (256, ) 256
attn.kl.weight (256, 256) 65,536
attn.kl.bias (256,) 256
attn.qg2.weight (256 256) 65,536
attn.g2.bias (256,) 256
attn.k2.weight (256, 256) 65,536
attn.k2.bias (256, ) 256
attn.v.weight (256, 256) 65,536
attn.o.weight (256, 256) 65,536
Layer subtotal - 394,240
All layers (x L = 2) - 788,480
final_norm (tok0_batch) - 0
unembed.weight (V, dmode1) = (4096, 256) 1,048,576
Total ~ 2.885632

Table 3: Attention-only language model parameter count.

Optimisation uses Muon for the internal attention projection weights, while the attention output projection, embedding,
and unembedding parameters are optimised with AdamW. The Muon learning rate is 0.02, and the AdamW learning rate is
3 x 1074, with Adam betas (0.9,0.95), weight decay 0.1, and gradient clipping at 1.0. Both optimiser groups use a cosine
schedule with a 500-step warmup and decay to 0.2 times the peak learning rate by step 20,000. The model took 5 hours to
train on an A10.

Hyperparameter Category Value

Dataset Data DSIR-filtered Pile-50M

v Data 4096

Netx Data 512

B Data 384

Ngteps Data 20,000

Tokens seen Data ~ 3.93 x 10°

L Model 2

H Model 8

dmodcl Model 256

Attention type Model bilinear

Attention scale Model 0.35

ROPE base Model 10,000

Norm Model tok0_batch before unembedding
Optimiser Optimisation ~Muon + AdamW

Muon LR Optimisation  0.02

AdamW LR Optimisation 3 x 10~*

Weight decay Optimisation 0.1

Scheduler Optimisation  cosine decay with 500-step warmup

Table 4: Language-modelling transformer training, data, model, and optimisation hyperparameters.

E.2 METRICS TRACKED OVER TRAINING
E.2.1 N-gram Metrics

The n-gram metric measures whether the model has learned common fixed-length token patterns from the training data.
First, the most frequent n-grams (¢1, . .., %, ) are extracted from the training corpus. For each n-gram, the model is given the



prefix (¢1,...,t,—1) and evaluated on its ability to predict the final token ¢,,. Averaging this cross-entropy over frequent
training n-grams gives the n-gram memorisation loss, denoted l,gram (). The same prediction task is then evaluated on
validation sequences, giving li.st(n). The final score is

l {Sh)
ngram score(n) = ltt(z)z)
ngram

A lower ratio indicates that the model performs similarly on validation n-gram prediction and frequent training n-gram
prediction, while a higher ratio suggests stronger specialization to the frequent training patterns.

F ROBUSTNESS TO NON-GAUSSIAN INPUT DISTRIBUTIONS

In we showed that tensor similarity coincides with a canonical behavioural metric, cosine similarity of
empirical outputs, under the assumption of a perfectly Gaussian input distribution. But how robust is this to non-Gaussian
input distributions? In this appendix, we investigate the question statistically.

Dataset We consider a toy task where models are trained to detect the index of the second-highest value (or 2nd argmax)
in a list of four numbers sampled from one of the following 9 input distributions:

¢ Gaussian: Standard Gaussian distribution (mean O and variance 1).

» Half Gaussian: Absolute value after sampling from a standard Gaussian distribution.

* Bimodal: Combination of two Gaussians designed to be bimodal.

¢ Uniform: Uniform distribution on [—1, 1].

Laplace: Laplace distribution with location parameter ;4 = 0 and scale parameter b = %

‘Sparse Spikes’: A distribution where there is a 75% chance of drawing 0 and a 25% chance of drawing from a Gaussian
distribution with mean 1 and variance 4.

Permutations: The set of permutations of the list (1, 2, 3, 4).

Correlated Gaussian: Standard Gaussian distribution with a correlation introduced between the four inputs, defined by
a fixed positive-definite correlation matrix.

* ‘Gaussian and —10’: Standard Gaussian distribution for the first three inputs; a constant —10 for the last input.

Example: One possible sample from the ‘Gaussian and —10” distribution is the following: [—0.54, —0.19,0.17, —10.00].
For this data point, the correct output for the model is 1, since the second-highest value is —0.19, which lies at index 1.

Model Architecture The model consists of a toy one-layer bilinear network. No residuals, normalisation layers, or biases
are included in the model.

Model Dimensions and Training summarises the model dimensions and training hyperparameters. Across all five
seeds, models trained on the three distributions which are not symmetric about zero (namely Half Gaussian, Permutations,
and ‘Gaussian and —10’) achieved accuracy above 90%, while models trained on the six symmetric distributions plateaued
at approximately 50% (with the exception of the ‘Sparse Spikes’ models, which plateaued around 39%). This is due to a
fundamental limitation in the pure, single-layer bilinear architecture used: it cannot distinguish x from —z, preventing the
model from meaningfully exceeding 50% accuracy on any distribution symmetric about zero.

shows Pearson correlations between tensor similarity and the cosine similarity of empirical outputs across different
training checkpoints and seeds. While the correlation between tensor similarity and output similarity is strongest for Gaussian
inputs, it exceeds 0.9 for eight out of the nine distributions tested, including distributions of varying shape and one with
statistical dependence between input dimensions.

The exception is the correlation across the ‘Gaussian and —10’ dataset, with a measured correlation of r = 0.61. Intuitively,
the reason for this discrepancy is that here, the last index is so low that it will virtually never point to the second highest value,
so the model learns to never output that index. This means that a substantial portion of network weights do not influence the
ultimate result, and the weight-based similarity metric we use here is less correlated with the empirical similarity.

These results suggest that the tensor similarity metric is a robust proxy for empirical similarity across a broad range of
distributions, not just Gaussians, so long as the weights all meaningfully contribute toward the output.



Architecture

input dim n 4
rank 32
n_layer 1

Training Parameters

dropout 0.0
weight decay 0.0
batch size 512
learning rate 1072
optimizer Adam
schedule constant
train steps 4096
seeds 5

Table 5: Model architecture and training setup for the distribution robustness experiment.
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Figure 7: Five one-layer bilinear models were trained for each of nine input data distributions, and they were each sampled
at 14 checkpoints. Pairs of these models were compared with a tensor-based similarity metric (shown on the x-axis) and a
behavioural, output-based cosine similarity metric (shown on the y-axis). Pearson correlations are displayed above each

scatterplot.
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