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Abstract

The expressive efficiency of PC classes has been
studied extensively in the exact case and, although
to a lesser degree, the approximate case. However,
these results are mainly concerned with the the-
oretical ability of circuits to compactly represent
functions. Statistical guarantees, such as sample
complexity, for learning PCs remain largely unex-
plored. In this paper, we first prove a lower bound,
linear in the size of the PC, on the number of sam-
ples needed for any learning algorithm to guaran-
tee bounded statistical distance (Hellinger, reverse
Kullback-Leibler, or total variation) with high prob-
ability. Next, for learning the parameters of decom-
posable PCs under known structure, we also show
a matching upper bound on the number of sam-
ples in the case of the Hellinger distance and re-
verse KL divergence. Lastly, in the agnostic setting
without the known-structure assumption, we pro-
vide an instance-specific statistical upper bound on
the total variation distance using the Good-Turing
denoising estimator, which approaches the irre-
ducible distance due to PC structure as the number
of samples increases.

1 INTRODUCTION

Probabilistic circuits (PCs) [[Choi et al., 2020, a unifying
framework for many families of tractable probabilistic mod-
els, can compactly represent probability distributions and
support exact and efficient inference of various queries
based on the structural properties they satisfy. The com-
putational complexity of inference depends on the size of
the circuit, and thus the expressive efficiency of PCs—the
size needed to represent target functions—has been studied
extensively for both exact representation and, albeit to a
lesser degree, approximation [Darwiche| 2003} Bova et al.,

2016, |Choi et al., 2020, [Leland and Choi, 2026, [Martens
and Medabalimil [2014]]. However, they do not address the
setting of learning PCs, which is more common in practice.

Instead, we ask: how does the number of samples needed to
learn a PC relate to its size? While many have studied PAC
density estimation and sample complexity for various prob-
abilistic models [Dasguptal [1997, |Friedman and Yakhini,
1996, |Ashtiani et al., [2020]], the only work on the sample
complexity for PCs is an upper bound for tree-shaped sum-
product networks [[Aden-Ali and Ashtiani, [2020]. In this
work, we present novel PAC-style bounds for more general
classes of PCs over Boolean variables. First, we prove a
lower bound on the sample complexity for any learning
algorithm when the true distribution is a PC of size .S (The-
orem |T). Next, we show that the parameters of decompos-
able PCs are efficiently PAC learnable with a tight sample
complexity bound of @(w)
@( S+10§2(1/6) )

for KL divergence, and

for the Hellinger distance when the true dis-
tribution is a decomposable PC with known structure of
size S (Theorem [2). We also derive looser lower and upper
bounds of w) and O( %}1/5)) for the total
variation distance. While the realizable setting allows us
to prove tight bounds, the assumption does not generally
hold when learning PCs from data. Thus, we also consider
the agnostic setting and derive an instance-specific bound
on the distance between the true data-generating distribu-
tion (of unknown structure) and a learned PC, using the
Good-Turing estimator (Theorem [3)).

2 PRELIMINARIES

Sample Complexity For a given distance measure D, we
wish to characterize the necessary and sufficient number of
samples from a distribution P to learn it within distance
e > 0, with error probability 6 € (0,1], i.e., to ensure
Pr[D(P||P) < ¢ > 1 — 4. Informally an upper bound
on the sample complexity states that there exists an algo-
rithm that, given at least M samples, learns P such that
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Pr[D(P||P) < €] > 1—4; on the other hand, a lower bound
states that any algorithm needs at least M samples for the
same guarantee. For the distance measure D, we consider
the total variation distance (TVD), reverse Kullback-Leibler
(KL) divergence, and (squared) Hellinger distance, defined
between discrete distributions as follows, respectively:

Z\P
Dk (P||P) = ZP ) log (PEB)

Du(P||P)* =1-) 1/ P(x)P(x).

We also utilize the following inequalities between them.

Dry(P||P) =

Lemma 1 (Divergence Inequalities [[Canonne, 2020b]).

The following hold: (1) Drv(P||P) < /3 DxL(P||P); (2)

Dy(P||P)?< Drv(P|P); (3) Du(P|P)*<iDy (P P).

Probabilistic Circuits A probabilistic circuit (PC) recur-
sively encodes a joint probability distribution over random
variables through a parameterized directed acyclic graph
(DAG), composed of leaf, product, and sum nodes; see Ap-
pendix [A] for detailed background. PCs guarantee tractable
inference by enforcing structural conditions such as decom-
posability and determinism. As is common in the litera-
ture, we assume decomposable PCs, which are tractable for
marginal and conditional inference and sampling.

Additionally enforcing determinism enables closed-form
maximum-likelihood parameter estimation [Kisa et al.,
2014, |Liu and Van den Broeck, 2021]. Intuitively, it can
be interpreted as learning many categorical distributions,
one for each sum node in the circuit with as many cate-
gories as there are children. This intuition can be formal-
ized using the following notion: the context ~,, of a PC
node n is defined recursively in a top-down manner as
Yn = Umepa(n) ¥m M supp(n), where the context of the
root node is simply its support. Given a sample z, the value
of the categorical variable corresponding to a sum node n is
given only if x € ~,,, with the specific value being the child
index ¢ such that x € -, as well; this can be evaluated for
all sum nodes by propagating the sample through the circuit.

3 LOWER BOUNDS FOR LEARNING PCS

This section investigates the following question: how many
samples are necessary to ensure that we can learn a PC
within a bounded distance to the true distribution with high
probability? While a natural question in learning theory,
this has not been answered explicitly for any hypothesis
class of PCs. In particular, we consider the classes of deter-
ministic PCs of fixed structure and prove that the required
sample complexity is polynomial in the number of circuit
parameters .S, accuracy 1/e, and confidence 1/4.

Theorem 1 (Lower Bound). Let Cs be a family of distri-
butions represented by PCs with S parameters. For € > (),
6 € (0,1], any learning algorithm A that takes in M sam-
ples from P € Cg and outputs P such that Dy(P||P) < ¢
with probability > 1 — 6 requires
Slog(2) 10g(2/5)) o
608¢2 ' 5e2
Dy (P||P) < e with prob. 1 — § requires
Slog(2) 210g(2/5)) B Q(S + log(1/9)
304e = be B €

and Dy (P||P) < e with prob. 1 — § requires,
Slog(2) 10g(2/5)) B Q(S + log(l/é))
608¢ ' 5e2 € ’

even if P is in Cg, a family of deterministic PCs of a fixed
structure G with S parameters, and G is known to A.

S + log(1/6)
62

M > max( )s

M > max(

),

M > max(

We emphasize that our result does not restrict what the
learner A can output and that it applies to any family of mod-
els that subsumes, or can compactly represent, deterministic
PCs of fixed structure. For instance, this bound immedi-
ately applies to sum-product networks [Poon and Domingos),
2011]], arithmetic circuits [Darwiche} 2003, sum-of-squares
circuits [Loconte et al.l [2025]], InceptionPCs [Wang and
Van den Broeck,2025]), and probabilistic generating circuits
[Zhang et al.| 2021]]. All complete proofs can be found in
Appendix [C] Here, we provide a high level sketch of our
proof, which relies on the following lemma.

Lemma 2 (Assouad’s Lemma [[Assouad, |1983| |(Canonne,
2020b))). Let C be a family of probability distributions and
A be the set of learning algorithms that take M samples
and output a distribution P. Suppose there exists a family
of {Pﬂ}ve{fl,l}r C C of 2" distributions and constants
a, B > 0 such thatVv,v' € {—1,1}":

1. The distance between P,,, P, is at least proportional to
the Hamming distance: Dy(P,||P,)? > aH (v,v');
2. If H(v,v') = 1, then Dy(P,||P,)* < B.

Then, for all M > 1,

inf sup Es, . s, [Du( P||P) ] > —r(1-pB)*M.

«
PeA PeC 8

Informally, Assouad’s Lemma interprets the distributions
in the constructed family as being determined by r dis-
tinct choices (or bit flips), and states that any learning algo-
rithm must learn many choices when the Hamming distance
H(v,v'") is large and simultaneously cannot easily distin-
guish two distributions if H(v,v’) = 1 [Canonnel [2020b]]
The above statement differs from that found in [Canonnel
2020b], as it is reformulated for the squared Hellinger dis-
tance which requires an additional factor of % due to the
square Hellinger only satisfying the weak triangle inequality,
see Appendix [B] for more details.



Proposition 1 (PC Family Construction). There ex-
ists a family of 2'5/21 distributions in Cg C Cg
for a deterministic PC structure G of size S, such
that if n < min{minnwﬁ%,%(zn P(%)) n
Yo, v € {—1,1}5/2, DH(P |Py)? > ZnH(v,v') and
(v,v')=1, Du(P, | P)* < 2.

Proof sketch. W.1.0.g. suppose every sum node has an even
number of children, and assign an index in [1, S/2] to each
pair of edges of the same sum node. Then, deﬁne P, for each

v € {—1,1}%/2 such that 0, .[v,, ] = ch(n) + v.T, Where

_ n _ ,,72 . o, .
Tp = \/Ich(n)IP(vn) PO Using our conditions on 7
acheive the desired result. O

We obtain our lower bound from Assouad’s Lemma with this
construction and the hardness of learning the bias of a coin.

Proof Sketch of Theorem([l] Use the distribution family con-
structed in Proposition [I] with Lemma E} Set 7) to return
r=2,a=2€eandf = 766 .Then Dy(P||P) < eonly1f
M satisfies (1—22)2M < 1 / 2, which proves the (%) term.
Then, the hardness of estimating the bias of a coin proves
the Q(log(e%) term. Taking the sum of these two proves the
lower bound for the Hellinger distance, which immediately
extends to the reverse KL divergence by Lemmal[I] O

4 TIGHT SAMPLE COMPLEXITY
BOUNDS

We next show that this necessary number of samples is in
fact sufficient to learn the parameters of a given PC structure
to guarantee KL divergence and Hellinger distance less than
€ with probability 1 — §. This proves that the parameters of
decomposable PCs are efficiently PAC learnable.

Theorem 2 (Upper Bound). Let Cg be a family of distri-
butions represented by PCs of a fixed structure G of size S
(not necessarily deterministic). For e > 0 and 6 € (0,1], a
closed-form estimator given M samples from P € Cg out-
puts P such that Dy, (P||/P) < e with probability >1—6 if:

155 2log(1/9)

M > max(22 ):O(s+1og(1/5)

€ €

);

and Dy(P||P) <e and Dry(P||P)<e wp. >1-4 if:

158 210g(1/§)) O(SJrlog(l/é))

M > max(—-

ee?’ €

Our tight upper bound is achieved by reducing the param-
eter learning problem for PCs over X to the closed-form
MLE of deterministic PCs over X U Z, using the standard
latent-variable (Z) interpretation of PCs [Peharz et al.}[2016].
We construct a sampling distribution for latent variables Z

given each sample x, inspired by a similar construction
by [Dasgupta [1997]]. The key observation is that we do
not need to know the true distribution P(X, Z), but rather
any distribution P’(X, Z) that matches its marginal, i.e.
P'(X) = P(X), suffices.

Definition 1. Let P be a PC over X and A be the set of
sum nodes in P; for an input x that reaches node n € N,
define S, (x) = {c € ch(n) : x € 4.}. Then P’ is the
deterministic extension of P over X and latent variables Z,
defined as P'(x,2z) = P(x) ], cnr P'(2n|x) where

m ifx €y,andc € S,(x),
Pz, =clx) = m ifx ¢ v,
0 otherwise.

We can easily see that P’ is a valid probability distribution
by checking that P’(Z,|x) is a valid, normalized distribu-
tion for each n € N and x, whether x € v, or x ¢ ~,.
Moreover, for each x, we can evaluate x € -, and com-
pute Sy, (x) efficiently for all nodes in the circuit by a single
forward and backward pass. Then the closed-form estima-
tor for PCs over X first “augments” each sample x with a
latent variable instantiation z sampled from P’(Z|x) then
performs closed-form MLE with this augmented data on the
deterministic PC over X U Z[1]

Given our intuition for MLE of deterministic PCs, it is tempt-
ing to assume that the sample complexity can be derived
trivially by considering the sample complexity of learning
a discrete distribution at each sum node. However, unlike
learning discrete distributions where every sample corre-
sponds to some category, not every sample is routed through
every sum node. That is, from the total number of samples
used to learn the parameters of a PC, only a fraction would
be relevant for learning the parameters of each sum node n,
directly related to P(,,). Moving past this naive approach,
we next present a series of results to prove Theorem 2]

Lemma 3 (Deterministic reverse KLD Decomposition).
Let P and P be two distributions represented by deter-
ministic PCs with the same structure. Then Dy (P||P) =
> n P(vn) D (61, ||9 ), where p(%) is the probability
of reaching node n in P, and Dy (6,,||0,,) is the reverse KL
divergence of the categoricals associated with node n.

That is, the divergence between two deterministic PCs of
the same structure is simply a weighted sum of divergence
taken locally at each sum node. This allows us to show
Pr[DkL(P||P') < €] > 1 — § by studying each sum node
while accounting for its contribution to the overall diver-
gence. Note that we use the reverse KL divergence, as en-
forcing learning guarantees with the standard KL divergence

!This closed-form estimator is equivalent to the closed-form
MLE solution if the PC is already deterministic but will not neces-
sarily achieve the MLE for non-deterministic PCs.



requires learning arbitrarily small probabilities without ap-
proximating by zero [Canonne} [2020al].

Lemma 4. For P a deterministic PC and P learned with
MLE with the same underlying structure and S parameters,

and for all € > Iff’ PT[DKL(pHP) >e <e M (%)S

Proof sketch. Using Lemma [3 l lexp(tDkL(P||P))] =
Elexp(t)_, P(yn) DL (P, w.c))]-  Then, by the
law of total expectatlon E[exp(tDKL(pHP))] =
Epn ([ 1, Elexp(t5z DL (On,cl|0n,c)|my,]]. We next use
[Agrawal, 2020, Theorem 1.3], which provides an upper
bound on E[exp(tDKL(PHP))], where P is the empirical
estimator and P is a discrete distribution. With this, we can
upper bound each E[exp(t%DKL(én,c ) |my], which
then yields the result when combined with a Chernoff
bound. O

We are now ready to prove Theorem [2]following a similar
argument from (Canonne| [2020al].

Proof of Theorem[2] Let P'(X, Z) be the deterministic ex-
tension of P € Cg constructed as in Definition [ It
M > 155 then applying Lemma 4| to P’ and P results
in:

Me

| <e 2.

Pr[DkL(P(X,Z)||P'(X,Z)) >

To guarantee that the above is at most §, we need M >
2log(1/4)
€

155 this shows that given at least O( samples,

the closed-form estimator P satisfies Dy (P ( )||IP(X)) =

D (PX)[[P'(X)) < Di(P(X,Z)|P'(X,Z)) < e
with probability at least 1 — §. The extension to the to-
tal variation and squared Hellinger distance follows from
Lemmal[ll O

. Combined with our initial requirement of M >
S —Hog(l /8) )

5 RELAXING STRUCTURAL
ASSUMPTIONS

Our tight upper bound makes a restrictive assumption that
the true distribution can be represented as a PC with a known
structure. As a step towards establishing sample complexity
in the agnostic setting, we next derive an instance-specific
bound on the distance between a learned PC and an unknown
distribution P, given a set of samples from P. That is, as
opposed to worst-case sample complexity, we show a bound
for a given dataset and learned PC, with respective sizes M
and S, computable in time O(M - S).

To achieve tight bounds with the least number of samples,
we turn to instance-optimal estimators: algorithms that ex-
ploit the structure present in an instance of a problem and
outperform all other algorithms on any given instance. Of

course, not all structures can be perfectly exploited, result-
ing in an irreducible error—the minimum error that any
algorithm could achieve—which is inherent to any instance.
In particular, [Valiant and Valiant|[2021]] showed that Good-
Turing denoising (Algorithm[D.T)) can be used to obtain an
instance-optimal estimator of discrete distributions.

Lemma 5 (Good-Turing Optimality [Valiant and Valiant,
2021]). The GT Algorithm, given m independent draws
from any distribution P with discrete support, outputs a
labeled vector g, such that with probability 1 — m—«),
|P gl < O(m="/%)]]

Theorem 3. Let g be the Good-Turing estimator, P be the
true distribution, and P be a probabilistic circuit learned
from a set of m samples M from P. Denote F; as the number
of domain elements that appear i times in M. Then, with
probability 1 — 8, Dyy(P||P) is at most:

)5 3 Joo - P

xEM

1
ge+—+§1—ZP
xEM

where g, is an approximation of O(m~"/%)polylog(m) and
depends on §. As m — oo, the above bound ;:educes to the
structural error of the underlying graph for P.

Details on g. and the full proof can be found in Ap-
pendix [C.5] We empirically test our upper bound using
twenty density estimation datasets [Lowd and Davis| 2010,
Bekker et al.| 2015} Van Haaren and Davis, [2012} [Larochelle
and Murray, 201 1] with circuits learned via the HCLT struc-
ture in PyJuice [Liu et al.,|2024]]. We provide further discus-
sion on the experiments and results in Appendix

6 CONCLUSION

We have proved a lower bound on the sample complexity
of learning PCs: for example, any learning algorithm re-
quires Q(M) samples to ensure KL divergence at
most € with probability at least 1 — J, as well as similar
results for Hellinger and total variation distance. This holds
even when the PC is deterministic with a known structure.
Furthermore, we showed efficient PAC learning of decom-
posable PC parameters, proving a tight upper bound when
the true distribution is a PC with a known structure. We fur-
ther presented an efficiently computable instance-specific
upper bound on the distance between learned PC and the
true distribution in the agnostic setting.
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A PC BACKGROUND

Definition 2 (Probabilistic circuits). A probabilistic circuit (PC) C := (G, 0) represents a joint probability distribution p(X)
over random variables X through a directed acyclic graph (DAG) G parameterized by 6. The DAG is composed of 3 types of
nodes: leaf, product ®, and sum & nodes. Every leaf node in G is an input, and every internal node receives inputs from its
children ch(n). The number of children at node n is denoted as ch(n). The scope of a given node, ¢(n), is a recursively
defined function which associates to each unit n a subset of X: for each non-input unit n, ¢(n) = Usech(n)@(c), and the
scope of a leaf node is a single variable in X. The score of the root node is all random variables in the PC, X. Each node n
of a PC is defined recursively as:

1(x), if nis a leaf
Py(z) = Hcech(n) Pe(x) ifnisa® )
ch’:‘ch(n) 0n,cPc(X) ifnisa®

where 0, € [0, 1] is the parameter associated with the edge connecting nodes n, cin G, and 3~ ¢ (. On,c = 1. We assume
I(x) at a leaf node is a Boolean indicator function: i.e., 1[x = 1] or 1[x = 0]. The distribution represented by the circuit is
the output at its root node.

Probabilistic circuits guarantee tractable inference by composing sum and product gates under specific conditions. In this
work we focus on circuits that are decomposable, as well as both deterministic and decomposableﬂ

Definition 3 (Smoothness and decomposability). A sum node is smooth if its children have identical scopes: ¢(c) =
¢(n), Ve € ch(n). A product node is decomposable if its children have disjoint scopes: ¢(c;) N (c;) = 0, Ve; # ¢; € ch(n).
A PC is smooth and decomposable iff every sum node is smooth and every product node is decomposable.

Definition 4 (Determinism). A sum node is deterministic if, for any fully-instantiated input, the output of at most one of its
children is nonzero. In other words, the supports of its children are mutually disjoint. A PC is deterministic iff all of its sum
nodes are deterministic.

Deterministic and decomposable PCs (see Figure [I] for an example) have the following useful property when looking at their
joint probability distribution. See that for a given variable instantiation X = x, we have that the circuit admits only a single
tree-shaped path through the PC [Cho1 and Darwiche, [2017]]. Thus, to compute the probability mass function, we can simply
multiply together the parameters associated with the tree defined by x. We denote the tree defined by x as tree(x); then the
probability of x according to a deterministic PC can be expressed as:

Px)= ][] °¢.
eEtree(x)

'Smoothness is necessary, but we can trivially smooth our circuit in O(nz) if necessary [Choi et al.| [2020].
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Figure 1: A smooth, decomposable, and deterministic PC (weights shown only for the root for conciseness).

Deterministic and decomposable PCs also admit closed-form maximum-likelihood estimation of their parameters [Liu and
Van den Broeck, |2021]]. This closed form can be thought of simply as counting the number of samples that reach a child
edge c at a sum node n, divided by the total number of samples to reach that same sum node n. Mathematically, this is
formalized using the following notion:

Definition 5 (Flows). The flow F), .(x) of any edge (n, ¢) in a PC given variables assignments x is defined as I[x € 7, Ny,]
where T[] is the indicator function and ,, is the context of node n. The flow F}, (D) with respect to a dataset D = {x(W} N |

is the sum of the flows of all samples: F}, (D) = Zf\; Fpo(x®).
The MLE parameters [Kisa et al.,|2014] are then computed in closed form as the following:

F, (D)
Zcéch(n) F"aC(D) -

Y(n,c): 0, .=

B DERIVATION OF LEMMA FROM ASSOUAD’S LEMMA

Here we explain exactly how our version of Assouad’s lemma can be derived from the statement in [[Tsybakov, 2008]|]. Note
that this statement differs from that of [Canonnel [2020b] by a factor of 1/2 as the total variation distance satisfies the triangle
inequality, while the squared Hellinger only satisfies Dy (P||Q)? < 2(Dn(P||Z2)? + Du(Z||Q)?).

Lemma 6 (Assouad’s Lemma [Tsybakov, [2008]). Let {0,1}" be the set of all binary sequences of length r. Let
{Py},c 1y € C be a set of 2" probability measures, and let the corresponding expectations be denoted by E,,. Then,

T
inf E,[H(v,0)] > = i inf ( P, (1) # 0) + P, 1
inf max, [H (v, )] 5 o, ( (v #0)+ Py (v # )>

where H(v,v") is the Hamming distance between v and v', inf; denotes the infimum over all estimators taking values in
{0,1}" and where inf,, denotes the infimum over all tests taking values in {0,1}.

Tsybakov| [2008|] makes the following observation in the continuous case: infy (P,(¢ #0)+ Py (¢ #1)) =
J min(dP,,dP,/). Thus for the discrete case, this is equivalent to: infy (P,(¢ #0)+ Py(y #1)) =
> min(P,(x), P, (x)). Using Le Cam’s inequalities, we have:

Zmin(Pv(x)7Pvf (x)) > %(Z Py (%) Py (x))?.

Note that Lemma[2]uses v, v’ € {~1,1}" instead of v,v" € {0,1}" and adds the following conditions:

1. Forallv,v’ € {—1,1}", the distance between P,, P,/ is at least proportional to the Hamming distance: Dy (P, || P,/)?
aH (v, v").
2. Forall v,v’ € {—1,1}" with H(v,v") = 1, the squared Hellinger distance of P,, P, is small: Dy (P, | P,/ )* < 8.

v



We are interested in the squared Hellinger distance, which can be expressed as Dy(Py||Py)* =1 =3 /Po(X)Py
As such, if condition 2 is satisfied then we have that Zx v/ Py(x) P, — ). If we take this over M > 1 samples,

we then have ) \/P{?M (x)PEM(x) > (1 — B)M. Next, using Condition 2,

inf max  E,[H <Z \/P®M )PEM (x ))2 > 2(1 —B)M,

PeAPe{Po}t 1 yr

Finally, by Condition 1, and the fact that the squared Hellinger satisfies the weak triangle inequality Dy (P, |Py)? <
2(Dy(P,||P)? 4+ Du(P| P,)?), we can say:

~ ar
inf max E,[Du(P||P)?] > —
PEA Pe{Pv}vg{ 1,1}7 [ H( H ) ] 8

(1- M.
Since {Pv}v e{-11}" C C, this implies exactly the following statement of Lemma

C(1- B2,

inf max E, [ Dy(P||P)?] > <&
inf max B, [Du(PIIP)7] >

C PROOFS

C.1 PROOF OF PROPOSITION

Let G be a deterministic PC structure of size S. W.l.o.g. suppose every sum node has an even number of children, and
assign an index in [1,S/2] to every pair of edges of the same sum node. We parameterize the PC to define P, for
each v = {—1,1}%/2, where for every sum node 7, the parameters for half of its edges will be perturbed as 6,, .[v] =

2

4P(yn)?
and 7 < min{min,, 16‘51(&73‘) 57,23, Pﬁ" )) 11 where D is the maximum number of parameters that can be in a tree
shaped path. Recall that for a deterministic PC, evaluating on an instantiation x is equivalent to taking the product of the
parameters in the tree defined by x, P, (x) = [, ) etree(x) On.c[v] and here we use P(7,) as the probability of reaching

node n under the uniform circuit.

1 _ n
‘Ch(n)‘ + Un, Ty, and the parameters for their counterparts 0,, .[v] = TeR(a)] — UnieTn: We set 7, = \/‘ch(n)‘P(%) _

For the first condition of Assouad’s Lemma, we lower-bound the squared Hellinger distance between P, and P, as a
function of the Hamming distance between v and v’. Note that for every edge (n, ¢): if v, . = v}, . then 0, c[v] - 0, ([v'] =
(Wln)l + vy, oT,)? where the sign = is determined by whether it is a perturbed or dependent edge; if v,, . # vy, . then

en,c[U] : en,c[vl} = (\ch%n)\ + Tn)( |ch(1n)| — Tn) = 7|ch({n)|2 — TEL. Then we have:

(P HP =1 Z W =1 Z H . c n )]I((n c)Etree(x))

! I((n,c) (x)) 1 I((n,c)Etree(x))
=1 ——— + Up.cTn n,c)Etree(x ( B T%) o
Z H (|ch(n)| <Tn) H |Ch(n)|2

. —ay/ o
x n,CVn c=V), n,C:n cF£V],

For given v, v’, we can parameterize the same PC structure using the following:

1 . —_a/
ch(n) +VUneTn  fUne= Un,e

¢n,c =

1 2 . /
ch(n)? —Tn lf’Un’C 7é Un,c'

Next, we will normalize 9, . to define a valid probability distribution. To that end, we first compute the normalization



constant for each n as follows:

1 1 1 1 ,
2 vne=g X (gt im0t 2 V@

ce€ch(n) CiUn,c=V], . CiUn,cF£V), .

1 1 ,
L2, w2 e T

c:vn,C;ﬁv;Wc

1 1 /
2 [ch(n)] 2 (|ch(n)|_p”>:1_ > pn=1—puHa(v,0),  (3)

. —an/ . ’ . !
CiUn, =y, . CiUn e FV), CUn cF£V],

where p,, = ‘ch%n)‘ =24/ m (171)2 —72 = % to derive Equation and H,, refers to the Hamming distance over only the

indices corresponding to edges of n. Then, for each sum node n, we define a normalized distribution ]571,C as follows:

1
T T TR T
_leh(m)] T ™ i — o
1—pp Hy, (v,0") lfvn:C - vn,c?

1 2
ch(n Tn .
Tty Vne 7 Ve
Therefore, the squared Hellinger distance via Equation [2]can be expressed as:
1- Z H Z/}n,c =1- Z H én,c(l - ann) - Et,\,ﬁ[l - H(l - ann)] (4)
X (n,c)Etree(x) X (n,c)Etree(x) net

We lower- and upper-bound the above using Bonferrnoni and Weierstrass’ inequality, respectively, as our choice of 7,
ensures the necessary conditions to apply them—y . p,H, < wand p,H, < 1:

net net net

Thus, we can bound the expectation in Equation {4 from below using E, s[(1 — 5)> ., c,pnHn] = (1 —
F) 2 PnHLE, pll(n € t)] = (1 — %)), pnHnP(y,) and similarly from above using E, s[>, .c; pnHn] =
S, PuH L P(7,)). Note that

The following can be verified with a short computation: for all n, ¢, and v, v (W.l.0.g write v),

Then let D be the number of parameterized edges in the tree ¢, and let ¢ = min,, 4/ w P(ym)) > vPP(,)).
[eh(my] 77

Therefore,

w
DH(PUHPU')Q > (1 - 5)‘pdzannPU(7n)'

: 1 PR 1 1 1
Now, by our choice of 1, we know that p,, < T6Th(n)[D which implies 7, < / 1Pn S TP and 7, |ch(n)| < 75.
Remember that for all n, c,
1 1

R A T

(14 7, [ch(n)|)

Suppose n has a path ¢ which collects k£ parameters from root to node n, then:

T oy (= 7 IhD) < P < T (s (14 7 b))

nei 1<h()] né




Plugging in the bounds from above:

H(|Ch1n) (1- i))k < Opcv] < H(|ch§n)| (1+ é)k

net net

Now using Bernoulli’s inequality with the maximum number of parameters that can be collected, D,

1 1
1-—)P>01--—=D)=3/4
(1= P> (1= =D)=3
Conversely,
1 1 4
1+—=)P<@ag--—)P<-.
A+ p) =U-gp) " =3
Therefore,
4
P('Yn) < Pv('Yn) < gp(’}/ﬂ)
- . i
Using the same trick to get an upper bound on P(7,,) see that 0,, . = 1:‘;’:;[” < OO0 < 3 Next, see that

32D2
T
v = miny, 4/ % > min, 1 — 7, |ch(n)|. From the above 7,,[ch(n)| < -, which implies again that ¢ > (1 — ).
[ch(n)] n
d> 3
From above, ¢ > 1

Putting this together, our constructed family of distributions meets the first condition of Lemma 2] as

w 1.3 i
DH(PUHPv’)2 >(1- §)Ud anHan('Vn)) > (1 - Z)Z Z mHan('Vn))

n n,c n

9 n 3 27

> = S

2 76 2= By HnP ()3 o> Hn
n,c 7 n
and the second condition since ), H,, = 1:
- n o o~ 3

DH(PUHPU’) < anp(’}/n) < WP(’VTL)) < 577 < 277'

n

C.2 PROOF OF THEOREM

We first apply Lemma 2] using the family of distributions constructed in Proposition[I]to obtain:

. . 1S ,
inf Es, .., ~p|Du(P||P)? > inf Es,  sv~p|Du(P||P)?] > =a=(1 - p)*M
AIEI}4MPSE(1§)S 1yeeesSM P[ H( || )]_AIEI}‘lM]E}C—l(Ij)g 1ye03SM P[ H( ” )]_ 8a2< /B)
127 S o _ 2705 2M
>_—‘1-(1-2 = 1- .
Z 561 20 2 1021 " )

To make % = 2¢2, first define w > |ch(n)| for all n and let G have depth d. Then, set ) = 7‘3;2 by forcing € < /=27

Finally, 2¢2(1 — 276)2M  Thus we must set, (1 — 276 )2M < 1/2 to guarantee 2¢3(1 — 2762)2M < ¢2, Using Bernoull,

2
1/2 > (1727‘%)21»1 >1-4

76¢2

S M= 608¢2 <M

which proves that M = Q(E%) Additionally, under our construction any learning algorithm must also learn the bias of a coin

corresponding to the perturbations v, v’. Learning the bias of a coin is a well studied task in learning theory which requires

atleast M = logéfz/ %) = Q( logg/ %) ) to learn within probability 1 — §§|Combining the two complexity results, we have:
S log(1/4) S +log(1/9)

M = Q(max(:z, T)) = 2

).

2For a simple proof of the upper and lower bounds, see|[Dasguptal [[1997]



Then taking the Hellinger distance as the distance measure, since Du(P||P)? < € = Dy(P|P) < ¢, we have that
ensuring Dy (P||P) < e with probability > 1 — 0 requires:

Slog(2) log(2/9)

Mz max(=005"

);
Similarly, using Dy (P||P)? < %DKL(PHP), ensuring Dy (P||P) < e with probability 1 — § requires:

Slog(2) 2log(2/4)

M 2 max(— 7 = —

),

and finally using Dy(P||P)? < e = Dyy(P||P) < €, ensuring Dyy(P||P) < e with probability 1 — § requires:

Slog(2) log(2/5))
608¢ ' Hez

M > max(

C.3 PROOF OF LEMMA

Suppose that P and P are deterministic and decomposable PCs with the same structure over variables Y. Then for all y:

P(y) Heetree(y) ée
log —\JJ — log _ 7 = log log
<P(y)> (Heétree(y) O eege:(y) Z

Next, use the definition of the reverse KL divergence: We can then express the reverse KL divergence as the following:

) ((n,c) € tree(y)).

Dy (P||P) = ZP (f}g;) = Zp(y) Zlog <z:j> I((n,c) € tree(y))
> 'Vn Ae) Z log (

:Zlog( >ZP ) € tree(y Zlog(

n,c

) P(yn) P(vel 1)

_Zlog 0’” (Yn)On,c ZP Vo) DL (02]1610).

C4 PROOF OF LEMMAEI

Let P be a deterministic and decomposable PC with MLE parameters obtained using samples from the true distribution P,
which is a PC of the same structure. For all n, let m,, be the number of samples that reach node n, and 0 < t% < M.

Then by Lemma we have that E[exp(tDk(P||P))] = Elexp(t 3, P(¥n) DkL(fn.c||fn.c))]. Next, use the law of total
expectation and condition to fix the m,,’s.

Elexp(t Z P(VH)DKL(Pn,c‘lpn,c))] = E,, [Elexp(t Z %DKL(én,cHen,c))‘(mla ey myg)]]

n

:Em

My, A My, N
E 1;[ exp(t 7 Dyt (B0 )] (1, . ,ms)l E[E [exp(tMDKL(en,cen,c)mnH (5)

As such, it is easy to see that we can view each Dy (6,,.|0n.) as P being a categorical distribution over |ch(n)| categories
conditioned on having m,, samples each. Thus, applying [[Agrawal, 2020, Theorem 1.3] results in:

lch(n)|—1 lch(n)|—1
My, N 1 !
E ' <\ —= = .
[exp(t= 7 Dkt (O ell )l ma] < ( > (1 - M)




This allows us to bound Equation [5]as the following:

En [H E [exp(t%DKL(én,CHQH,C) |mn}

< [I(25) ™ ] (25)

n

Using a standard Chernoff bound, we then have that for 0 <¢ < M:

N S
Pr [DKL(P”P) } inf e tEE[@tDKL(PHP)] < inf efte 1 )
te(0,M)] tejo,M)]

Finally, choose ﬁ =1- EiM, which completes our proof as follows for all € >

S S
N 1 M
Pr[DKL(PHP)ze]Se_tE( ) <eeM (£ ) .

—L) = S
O
C.5 PROOF OF THEOREM3]
First, by the definition of total variation distance and the triangle inequality, we have:
1 N
Drv(P|[P) < Drv(Pllg) + Drv(glP) < Drv(Pllg) + 3 3 |o) = P+ 5 3 Jox) — P
ng xeM
1 1 . 1 .
<Dr(Plg)+5 D 9 +5 > P +5 Y [obx) - P
x¢M xgM xeM
From the Good-Turing Algorithm, 3, s g(x) = % Therefore,
Drv(PIP) < Drv(Pllg) + 5+ 5 (1= 3P0 | +3 3 [otx) — P ©
-— — X = X) — X)| .
v B 2 xeM 2 i ’

Note that given the set of samples IM, we can compute the last three terms on the RHS above by simply iterating over each
sample and evaluating its probability according to P and g. Before we describe our estimate for the first term Dty (P||g)
in detail, first observe that as m — oo, the first two terms Dty (P||g) and 2% vanish to 0. Moreover, as m — oo, the
distribution of M approaches P. Therefore, the RHS of Equation [6|approaches the following as m — oo:

5 Py Y - P|=

xgsupp(P) x€Esupp(P)

v(P|P).

In other words, as m — oo, our bound approaches the irreducible error due to the given PC structure.

We now describe our choice of g., which approximates an upper bound on Dty (P||g), to obtain a computable (approximate)
bound on Equation [6} [Valiant and Valiant [2021, Lemma 1.9] upper-bounds the L1 distance between P and g (equivalent to
2Dy (Pllg)) with the following, by separately analyzing the error due to elements (i.e. assignments x) occurring more than
m!/3 times and the error due to less frequently occurring elements:

3 @polﬂog(mw 3 %\/TE[FZ-]polylog(m

xifreq(x) >m1/3 i€{1,...m1/3}

Poissonization is a common technique for analyzing the histograms of Good-Turing estimation [[Valiant and Valiant, 2015].
First, the problem of frequency estimation can be modeled as taking m balls and having n bins for them to go into; the number
of balls in the i bin corresponds to the number of domain elements seen i times in our dataset. Thus, F; ~ Binom(m, p;).
Now, poissonization allows us to approximate this random variable F; as Poisson(A = mp;). As such, we treat F; to be



approximately Poisson distributed, which allows us to treat each F; as independent, and thus use a Poisson tail bound from

[Cannonel [2017]: Pr[|F; — E[F;]| > x] < exp( (/\er)) Thus, fora ¢ > 0,

Pr (|F; ~ EIF)| 2 ey/1+ E[F]) < exp< —c*(L+ E[F]) ) |

2(E[F;] + ¢/1+ E[F}])
To guarantee that the above probability is at most ¢ for all | M| = m samples, we bound it by §/m

(1 + E[F)]) - 210g(%)E[F1-] - 2c10g(%)\/1 TE[F]>0

After some algebraic manipulation, we can show that the above holds if:

2log(%) m. E[F}]
> irem S TR

2log(%)

For instance, this is satisfied by ¢ =
1+E[F;]

+ /2 log(% ), which we approximate for a given set of samples by:

2log (%) m
o8 4 [210g().
v E V)

Finally, we convert the bound on L1 distance into a bound on the total variation distance by dividing by 2 to get:

[m /%1

ge = L (21&?3 + 210g(7:;)) Z freq(x) + Z VI+F|.

x:freq(x)>m1/3

D ADDITIONAL DETAILS FOR INSTANCE-SPECIFIC BOUNDS

Algorithm D.1 Good-Turing Denoising Estimator

Input: A set of m independent draws from an unknown distribution.
Output: A labeled vector of probabilities, g.

For each i > m!/3, for every domain element observed exactly i times in the m samples, assign probability /m.
z+1 F; 1+1

BN

For each i < m!/3, assign probability = to each of the F; elements observed exactly ¢ times, where F; denotes
the number of domain elements observed exactly 7 times in the m samples.

We compute our proposed bound for § = 0.1 on the train and test sets of density estimation benchmark datasets. Tables
and 2 show that we are able to achieve a number of non-trivial results, with the majority of mass from the unseen elements,
and the bound improving as the number of samples grows larger. Interestingly, see also that the final two terms of our upper

bound, (1= . P(x))+ 1Y em ‘ g(x) — P(x)’ are an upper bound on the irreducible error for the choice of circuit
structure and dataset pair.



Dataset # Vars m S gt g¢gM- PgM” Dyy(g|P)” Stuctural Error TVD Bound

accidents 111 12758 1612 0.072760  0.499843  0.499997 0.000312 0.500310 1.072913
ad 1556 2461 21332 0.402369 0.263714  0.415625 0.217823 0.633448 1.299531
baudio 100 15000 1748 0.067885 0.498133  0.499825 0.001959 0.501784 1.067803
bbc 1058 1670 15332 0.214602 0.449102  0.500000 0.101827 0.601827 1.265531
bnetflix 100 15000 1652 0.066552 0.499900  0.500000 0.500000 1.000000 1.566452
book 500 8700 7172 0.097033 0.474368  0.494330 0.023415 0.517744 1.089145
c20ng 910 11293 12052 0.079834 0.495528  0.500000 0.004738 0.504738 1.080100
connect4 126 16000 1780 0.064770  0.500000  0.496494 0.496494 0.992987 1.557757
cr52 889 6532 11612  0.111057 0.474127  0.499989 0.027245 0.527234 1.112418
cwebkb 839 2803 11900 0.181791 0.487335  0.500000 0.013203 0.513203 1.182329
dna 180 1600 3268 0.220691 0.467500  0.500000 0.033774 0.533774 1.221966
jester 100 9000 1636 0.094808 0.496500 0.499976 0.003771 0.503747 1.095055
kdd 64 180092 1108 0.168850 0.015034 0.017610 0.077322 0.094932 0.278816
kosarek 190 33375 2580 0.390466 0.148539 0.161051 0.101616 0.262667 0.801672
moviereview 1001 1600 15020 0.206633  0.498125  0.500000 0.003751 0.503751 1.208509
msnbc 17 291326 236 0.429670 0.007188  0.084884 0.258789 0.343673 0.780531
mushrooms 112 2000 1652 0.183440 0.500000 0.498316 0.498316 0.996632 1.680072
nips 500 400 8212 0.410135 0.500000  0.500000 0.500000 1.000000 1.910135
nltcs 16 16181 260 0.621526 0.046845  0.060453 0.168531 0.228984 0.897356
ocrletters 128 32152 2820 0.062890 0.470266  0.499997 0.030559 0.530556 1.063712
plants 69 17412 1324 0.454917 0.192166  0.403076 0.274294 0.677371 1.324454
pumsbstar 163 12262 2396 0.080820 0.483812  0.499536 0.016081 0.515618 1.080249
revl 150 40000 1972 0.062701 0.442688  0.499810 0.057836 0.557646 1.063034
tmovie 500 4524 7876 0.277771 0.429929  0.456490 0.070548 0.527038 1.234738
tretail 135 22041 1948 0.306068 0.209836  0.220528 0.109755 0.330283 0.846187
voting 1359 1214 16572 0.380127 0.366557  0.500000 0.134268 0.634268 1.380952

Table 1: Upper bounds w.r.t. the train set for PCs learned on density estimation benchmark datasets. | indicates the error
goes to 0 as m — oo. — indicates the error depends on the structure.

Dataset # Vars m S gt g¢gM- PgM~ Dyy(g|P)” Stuctural Error  TVD Bound
accidents 111 2551 1612 0.162109  0.500000  0.500000 0.500000 0.999999 1.662108
ad 1556 491 21332 0.736581 0.344196  0.429628 0.129755 0.559383 1.640160
baudio 100 3000 1748 0.151299 0.499667  0.499969 0.000664 0.500633 1.151599
bbc 1058 330 15332 0.440394  0.490909  0.500000 0.018209 0.518209 1.449512
bnetflix 100 3000 1652 0.150700 0.500000  0.500000 0.500000 1.000000 1.650700
book 500 1739 7172 0.208110 0.491662  0.498320 0.014698 0.513018 1.212790
c20ng 910 3764 12052 0.137944  0.495882  0.500000 0.004651 0.504651 1.138477
connect4 126 47557 1780 0.037106 0.500000  0.489770 0.489770 0.979539 1.516645
cr52 889 1540 11612 0.222104 0.479545  0.499998 0.023390 0.523388 1.225037
cwebkb 839 838 11900 0.323785 0.494033  0.500000 0.500000 1.000000 1.817818
dna 180 1186 3268 0.253224 0.476813  0.500000 0.029536 0.529536 1.259572
jester 100 4116 1636 0.131619 0.497206  0.499981 0.003166 0.503147 1.131972
kdd 64 34955 1108 0.258365 0.022271  0.024343 0.058497 0.082840 0.363477
kosarek 190 6675 2580 0.531244 0.181873  0.196713 0.108128 0.304841 1.017958
moviereview 1001 250 15020 0.517577 0.500000  0.500000 0.500000 1.000000 2.017577
msnbc 17 58265 236 0.624807 0.018905  0.102597 0.259012 0.361609 1.005321
mushrooms 112 5624 1652 0.108739  0.500000 0.495189 0.495189 0.990377 1.599116
nips 500 1240 8212 0.232223 0.499194  0.500000 0.001614 0.501614 1.233030
nltcs 16 3236 260 0.721158 0.108004  0.118302 0.183459 0.301761 1.130923
ocrletters 128 10000 2820 0.103859 0.479000  0.499998 0.024104 0.524102 1.106961
plants 69 3482 1324 0.515260 0.264647  0.433226 0.208842 0.642068 1.421975
pumsbstar 163 2452 2396 0.169776 0.496737  0.499852 0.006444 0.506297 1.172810
rcvl 150 150000 1972 0.055217 0.414840  0.499675 0.085301 0.584977 1.055033
tmovie 500 591 7876  0.436189 0.445854  0.467218 0.063813 0.531031 1.413074
tretail 135 4408 1948 0422726 0.261230 0.268193 0.101758 0.369951 1.053906
voting 1359 350 16572 0.683729 0.372857  0.500000 0.500000 1.000000 2.056586

Table 2: Upper bounds w.r.t. the test set for PCs learned on density estimation benchmark datasets. | indicates the error goes
to 0 as m — oco. — indicates the error depends on the structure.
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