Online Structure Learning of Probabilistic Circuits

Stefan Wagner'

Anish Kuttetira!

YooJung Choi!

'School of Computing and Augmented Intelligence, Arizona State University

Abstract

Probabilistic circuits (PCs) are a class of proba-
bilistic models that guarantee exact and efficient
inference of various probabilistic queries by en-
forcing certain structural properties. Despite recent
advances in learning PCs, existing methods are
mostly limited to offline batch learning. In par-
ticular, while tractable inference of many queries
requires determinism, there are no online structure
learners for deterministic PCs, to the best of our
knowledge. To bridge this gap, we introduce an on-
line incremental structure learning framework for
deterministic and structured-decomposable PCs.
We use distribution-preserving splits to dynam-
ically increase the expressivity of the PC struc-
ture and merge, when necessary, to manage size
blowup, both leveraging tractable heuristics and
closed-form parameter updates using the circuit
properties. We pair this with a tunable decay fac-
tor to systematically adapt to distribution shifts.
Empirical evaluations on density estimation bench-
mark datasets show that our method achieves stable
training through non-static data streams and offers
robust adaptation via parameter decay.

1 INTRODUCTION

Probabilistic circuits (PCs) [Choi et al.;[2020] are powerful
models that guarantee tractable inference for complex prob-
abilistic queries by following structural properties such as
decomposability and determinism. They encompass many
families of tractable probabilistic models including sum
product networks [[Poon and Domingos| 201 1], arithmetic
circuits [Darwichel 2002, cutset networks [[Rahman et al.,
2014, probabilistic generating circuits [Zhang et al., [2021]],
and sum of squares circuits [Loconte et al., [2025]]. There
has been significant progress in scalable learning algorithms

for the structure and parameters of many expressive classes
of PCs [Liang et al., 2017, |Peharz et al.| 2018| |[Dang et al.
2022bl 2023l [Liu et al., [2024, |Gala et al.l 2024 [Loconte
et all,2024]]. However, they focus on batch learning in static
environments, whereas real-world data is rarely stationary.
Some previous efforts have explored online structure learn-
ing for sum-product networks—a kind of decomposable
PCs [Lee et al., [2013| Dennis and Ventura, 2017, [Kalral
et all, 2018|; however, these methods do not support, nor
can they be easily extended to, learning PC structures that
also satisty determinism, a property integral for tractable
computation of queries such as the entropy or maximum-a-
posteriori inference. In a nutshell, this is due to the fact that
deterministic PCs recursively partition the support, which
clustering based structural learners do not inherently guar-
antee when partitioning based on data alone.

We address these shortcomings with an online incremen-
tal structure learning framework for deterministic and
structured-decomposable PCs. Similar to STRUDEL [Dang
et all, [2022b] and LearnPSDD [Liang et all 2017]], we
grow a circuit structure through operations that guarantee
determinism at every learning stage. In particular, our ap-
proach dynamically captures emerging data patterns via
distribution-preserving conditional splits and performs sub-
graph merging to prevent size blowup. By exploiting deter-
minism, parameter estimation after each structural change
is done in closed form using sufficient statistics, based on
edge flows, which take linear space in the circuit size; this
can easily be paired with a decay factor to adapt to distribu-
tion shifts. Moreover, the selection heuristics for splits and
merge can be computed efficiently using determinism, for
the former, and additionally structured decomposability, for
the latter.

2 PRELIMINARIES

Probabilistic circuits (PCs) recursively represent distribu-
tions through compositions of sum, product, and univariate
leaf nodes. They can tractably compute various probabilistic



Algorithm 1 Online Structure Learning

Require: Initial circuit C, stream {B;}Z_,, decay factor \,
maximum & downsizing size limit Nyax, Ndownsize
1: splitting < T'rue
2: for each incoming batch B; do
3: if splitting then

4: (e*, X*) < FIND_EDGE_TO_SPLIT(C)

5: if (e*, X*) is valid then

6: C < spLIT(C, e*, X™*)

7: if SIZE(C) > Npax then splitting < False

8: else

9: C' < MERGE(C)

10: if SIZE(C) < Nyownsize then splitting < True
11: C' < UPDATE_STATISTICS(C, By)

12: C' < DECAY_STATISTICS(C, \)

13: return C'

inference queries based on different structural constraints.
Most notably, PCs are typically assumed to be smooth and
decomposable, allowing for exact marginal and conditional
queries in polytime. In this work, we additionally consider
determinism and structured decomposability, which enable
tractable inference of larger classes of queries, as well as
closed-form maximum-likelihood parameter estimation and
improved model interpretability. A PC is deterministic if
every sum node partitions its support (assignments with non-
zero probability); and it is structured decomposable if any
two product nodes of shared scope decompose the variables
the same way. Detailed definitions are in Appendix [A]

Closely related to our approach is STRUDEL [Dang et al.,
2022b|, a heuristic-driven algorithm for learning determin-
istic and structured-decomposable PCs in the offline setting.
It first learns a Chow-Liu tree (CLT) [[Chow and Liul [1968]
to compile an initial PC structure and then iteratively ex-
pands the circuit using structural transformations through
conditioning (i.e. splits). While STRUDEL is highly effective
at discovering complex dependencies in static datasets, its
core methodology caters to an offline paradigm.

3 ONLINE STRUCTURE LEARNING

We introduce online incremental structure learning for deter-
ministic and structured-decomposable PCs. Our proposed
framework consists of the following components that are
maintained and updated with each incoming mini—batcfﬂ
of data in a streaming fashion. We start with (1) an ini-
tial structure and (2) maintain sufficient statistics based on
edge flows; in each iteration, we either (3) grow the circuit
structure with a split or (4) reduce its size with a merge,

! Our mini-batch representation is mathematically equivalent
to streaming single data points and performing structural updates
(split, merge, decay) every n data points.
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Figure 1: A PC before (left) and after (right) a split on x».

when necessary; lastly, (5) a decay factor can be used to
better adapt to non-stationary data distributions. Algorithm[I]
summarizes the order of operations.

Flow-based Sufficient Statistics We use the concept of
(circuit) edge flows [Choi et al., 2021 |[Dang et al., 2022al]
to maintain an accurate representation of how incoming
datapoints interact with the current circuit structure.

Definition 1 (Edge Flows). Let C be a PC over variables
X, D be a dataset, and 1(-) denote the indicator function
evaluating to 1 or 0. For an edge e; ; connecting node n; to
child node n;, the aggregate flow a(i, j; D) is the number
of samples in D whose evaluation path traverses e; ;:

a(i,j; D) = Z I(e; ; is active given x)
x€D

For any variables X ,,, X, in the scope of n;, the marginal
Sflow m,, and joint flow J,, ., capture the variable-level co-
occurrences traversing the edge:

my, (i, ;D) = Z I(e;,; is active given X) - X,
xeD
Ju,v(i,7;D) = Z I(e; ; is active given X) - Xy X,
xeD

where x,,,x, € {0,1} denote the assignments to X,, X,
in sample x.

For deterministic PCs, the closed-form maximum likelihood
estimation for 6; ; is simply the ratio of its aggregate flow

to the total flow out of its parent node: 0, ; = %
k I

Distribution-Preserving Splits To dynamically increase
the expressivity of the PC and capture emerging statistical
dependencies, we perform localized conditional splits simi-
lar to STRUDEL [Dang et al.| [2022b]. Specifically, we select
a target edge and a variable within its scope, then perform
the split by duplicating the sub-circuit conditioned on that
variable (Figure [T)).

A good heuristic for determining a candidate edge for split-
ting needs to be both computationally cheap and informative.
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Figure 2: Observed average training BPD ({) over 20 datasets for 200 structural updates for (a) our offline baseline with
A = 0, (b) static data streams with A\ = 0.99, and (c¢) non-static data streams with A = 0.99. For Random vtree and
Random vtree + CLT, we average across three runs per dataset. Per-dataset results are provided in Appendix @

For this reason, we rely on aggregate flows: the edge e; ;
routing the highest mass of data is always prioritized for
splitting. Aggregate flows easily highlight high impact edges
and require only a single scalar per edge that can be updated
during inference.

Once a candidate edge e; ; is selected, we must choose an
optimal variable X, within its scope to condition on. The
purpose of creating these localized conditional splits is to
dynamically increase the expressivity of the probabilistic
circuit, allowing us to capture emerging statistical dependen-
cies. Because mutual information gives us a strong estimate
of how much information can be gained from condition-
ing on a specific variable, we select X} by maximizing
the average pairwise mutual information towards all other
variables in the scope: X, = argmax kai,j (Xk). If an
edge has no variable left to meaningfully split on, the next
best edge is chosen and variable selection reevaluated. We
only consider mutual information between variables that are
structurally separated by a node’s children, which prevents
unnecessarily deep circuits.

Although we cannot use the entire dataset to update the
parameters after a split, as in batch learning, we have suf-
ficient information on how data historically flows through
the circuit to distribute the flows in a newly-split circuit in a
distribution-preserving manner, illustrated in Figure[I] By
splitting edge e; ; on variable X}, the subgraph at product
node n; is duplicated and conditioned on X}: descendants
whose scope includes X, are deep-copied, while others are
partially copied based on depth or mutual information. The
distribution is preserved through this split using marginal
and joint flows, as detailed in Appendix [B.1] and is subse-
quently updated using future data streams.

Merging To minimize structural blowup, we merge ex-
isting conditional branch pairs that follow similar distribu-
tions once the circuit reaches a size threshold. In particular,
we use Jeffreys’ divergence (symmetric Kullback-Leibler
divergence) as our similarity metric, which can be com-
puted in quadratic time for deterministic and structured-
decomposable PCs [Liang and Van den Broeck, 2017,

Vergari et all 2021): JD(P || Q) = $Dx(P || Q) +
5Dk (Q || P). The candidates for potential merges are two
sibling branches that share the same parent sum node and
differ only by conditioning on a variable X}. Each iteration,
we choose the candidate pair with the lowest divergence,
prune the branch with more parameters, undo the condition-
ing on X}, and project its flow statistics into the retained
branch. We further discuss this process in Appendix

Decay Factor and Replay Buffer To adapt to evolving
distributions, we introduce a tunable decay parameter A €
(0, 1] that multiplicatively scales down edge flows (i.e. A = 1
means no decay). This constant factor ensures that older
observations exponentially lose their influence over time,
enabling the model to prioritize recent data. Additionally,
we implement an optional replay buffer that statistically
samples incoming data points to maintain a size-restricted
empirical estimate of the distribution. We utilize a weighted
buffer that prioritizes removal of older data points if the
maximum size is reached.

4 EXPERIMENTS

We evaluate our framework under static and shifting distribu-
tions on twenty density-estimation benchmarks [[Van Haaren
and Davis, 2012, [Lowd and Davis, [2010]] and downsized
(14 x 14) binarized MNIST inspired by |Larochelle and
Murray [2011]]. We compare three initializations: Data CLT,
which uses mutual information for data-driven hierarchi-
cal conditioning (akin to STRUDEL); Random vtree, an un-
conditioned random deterministic circuit initialization; and
Random vtree + CLT, which adds CLT conditioning to a
random topology to isolate the effect of data-driven struc-
ture. Complete settings and additional per-dataset, merging,
and runtime results are provided in Appendix [C]

4.1 STATIC DISTRIBUTIONS

Our initial experiments establish the baseline performance
of our method on stable, non-shifting data distributions.
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Figure 3: Average training BPD on binarized MNIST under the label-induced shift experiment with replay buffer. Evaluations
are performed after training on each digit (x-axis), measuring the average BPD of the specified digits (y-axis). Subfigures

correspond to (a) A = 0.8, (b) A = 0.9, and (¢) A = 1.0.

Offline Baseline We first validate our method in a full-
batch setting, where the entire training set is processed be-
tween every structural manipulation and previously accumu-
lated statistics are fully reset (A = 0). Figure 2ashows that
our method performs almost identical to STRUDEL
etall,[2022b] (measured by bits-per-dimension (BPD)), the
state-of-the-art for offline learning of deterministic PCs,
when using the same data-based CLT initializations, which
significantly outperform random-vtree initializations.

Continuous Static Stream We next simulate a stationary
online environment by randomly partitioning each dataset
into 100 batches per epoch, with a structural update per-
formed between successive batches. Because batches are
formed randomly, each follows the same underlying distribu-
tion in expectation, differing only due to sampling variation.
As seen in Figure [2b] our method has similar convergence
rates for all initializations and a stable continuous decrease
in BPD after the first few iterations.

4.2 SHIFTING DISTRIBUTIONS

We additionally evaluate the performance of our method in
data streams with non-static distributions.

Simulated Shift We introduce distribution shifts while
maintaining the same interleaved structural-update schedule.
Rather than randomly partitioning each dataset, we form
100 batches using k-means clustering. We sequence these
batches by starting with the cluster whose centroid is furthest
from the global average, then greedily traversing to the
nearest unvisited centroid in Euclidean space, producing
a smoothly evolving data stream. Figure 2c| shows similar
stable convergence behaviors as the static data stream once
all data has been observed at least once. The advantage of
data-based initialization decreases substantially in the online
settings, specifically for non-static data streams.

Label-Induced Shift We apply a similar distribution shift
to the downsized binarized MNIST, using the actual digit
labels to define the data clusters. We sequence the expo-
sure of these label-based clusters using the same greedy
distance heuristic between centroids. However, to simulate
prolonged exposure before a definitive shift, we expose the
model to each digit for 50 full passes before transitioning
to the next; each pass consists of updating flows once for
every sample, followed by a single structural update. Fig-
ure 3] highlights the difference between three different decay
settings, showing that smaller A values adapt more strongly
to the current distribution at the cost of more aggressive for-
getting, while larger values retain information more evenly
across prior observations. Figure [3c|further shows that per-
formance on previously observed digits can remain stable or
even improve after the stream has transitioned to later digits.
Similar behavior is observed without the replay buffer; see

Appendix

S CONCLUSION

This work proposed a novel algorithm for online structure
learning of deterministic and structured-decomposable prob-
abilistic circuits (PCs). Our method is able to perform effi-
cient restructuring of PCs and aggregate parameter updates
that allow the model to adapt to distribution shifts with vary-
ing strength. Empirical evaluations demonstrate that our
method achieves stable learning in both static and evolving
environments. A limitation is the lack of principled schedul-
ing for structural updates. While divergence-based merging
is compatible with our method, the divergence threshold is
difficult to tune: high values can merge away useful condi-
tional structure, while low values allow rapid circuit growth.
Splits are likewise triggered after a fixed number of samples.
We therefore simply alternate between splitting and merging
based on circuit size and leave adaptive scheduling to future
work.
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A  PROBABILISTIC CIRCUITS BACKGROUND

Definition 2 (Probabilistic Circuits). A probabilistic circuit (PC) C'is a directed acyclic graph (DAG), where each node n is
either a leaf, product, or sum node parameterized by 0. A leaf node captures a function over a set of random variables X,,,
also called its scope ¢(n). Sum and product nodes receive their inputs from their children in(n), and their scope is given
by ¢(n) = Uccin(n)@(c). The probability distribution p,(x) captured by any given node in the circuit can be recursively
defined as:

fn(Xn) if n is a leaf node,

Pn(Xn) =  Hecin(n) Pe(Xe) if n is a product node,

Zcein(n) On.cpe(Xe) ifnis a sum node.
Definition 3 (Smoothness). A probabilistic circuit C' is smooth if all sum nodes n € C only have children that share the
same scope: ¢p(n) = ¢(c),Ve € in(n).
Definition 4 (Decomposability). A probabilistic circuit C' is decomposable if all product nodes n € C only have children
with disjoint scopes Neein(n)P(c) = 0.

Definition 5 (Determinism). A probabilistic circuit C' is deterministic if for every sum node n at most one child node
provides non-zero input for every possible circuit input: Vx € X, |{c € in(n) | pc(x.) > 0} < 1.

Definition 6 (Structured decomposability). A probabilistic circuit C' is structured decomposable if any two product nodes
n,m € C of shared scope decompose the same way: ¢(n) = ¢(m) = {¢(c) | c € in(n)} = {d(c') | ¢ € in(m)}.

B EDGE FLOW MAINTENANCE

B.1 SPLITTING

For nodes within the copied branches that contain X, in their scope, we set their aggregate flows based on the marginal
flows to preserve the distributions.

i, j; D ifx, =1
a*(i,jsp) = { MO SPL N
a(i, j; D) — mi(i,7; D), otherwise.
Similarly, we use the joint flows to set the marginal flows to preserve as much statistical information as possible throughout
iterations.
s s Ju k(8,5 D), ifz, =1,
mu(zvj;D): v ( . .. .
my, (%, 5; D) — Ju i (i, j; D), otherwise.
Finally, to initialize the joint flows for the newly created branches, we assume local independence between the variables
within the newly conditioned context. Because the structural split fundamentally alters the underlying data routing, perfectly



partitioning the historical off-diagonal joint statistics is intractable without maintaining higher-order variable interactions.
Thus, we reconstruct the new joint flows as the normalized product of the updated marginals:
my, (i, 5; D) - my (i, j; D)

a*(i, j; D)
For compactness and further reference in Appendix let F; ; denote the flow statistics stored at an edge. We denote the
conditional partition defined above by

Flei;) = (a(i,j; D), m(i,j; D), I (i, j; D)), (F*(ei;), F (ei;)) = Condx, (F(e;;)) -
Here, the aggregate and marginal flows are obtained from the available marginal and joint statistics, while off-diagonal

conditional joint flows use the stated second-order approximation. 7 (e; ;) and F~ (e; ;) represent the copy of an edge e; ;
in the branch where x;, = 1 and x;, = 0 respectively.

Juw(i,J; D) =

For all other nodes that do not contain X}, in its scope, we leave the ratios of edge flows unchanged and normalize their
magnitude using the weights to match the current structure.

B.2 MERGING

Let ek°°P and e™*™°® denote the retained and removed branch edges. Because we cannot assume that both branches share
the same history of conditional branching, we approximate the flows of the removed branch with its parent edge e"™°Ve.
The flow routing mechanism is akin to recreating the splits of the retained branch for our F(e"*™°¥¢) flows as discussed in

Appendix

Let AF(ekeeP) = F(eremeve). For any edge pair (e; +,e; _) that either conditions n; on X}, or represents a leaf distribution
over X}, in the retained subgraph, we can define the flow updates as:

(AF(eiq), AF(ei-)) = Y Condx, (AF(ep;)),

pEout(n;)

where out(n;) defines the set of parent nodes for node n;. For all other edges, we simply set them equivalent to their parent

flow contribution:
A]—"(ei,j) = Z (A]—"(ep,i))7

pEout(n;)
Finally, we update the flows in our retained branch:

F*(ei,j) = }"(ei,j) + A‘F(ei,j)

Repeated application of the conditioning operator successfully preserves the aggregate, marginal, and joint information
at each step. However, routing data perfectly through deep conditional structures would require higher-order statistics
that our method does not track. Because of this, reconstructing joint flows relies on an approximation, and this error can
accumulate along paths with multiple consecutive splits. Despite this limitation, our method ensures the resulting circuit
remains deterministic and normalized.

In practice, our divergence-based candidate selection naturally controls the impact of these approximation errors. Smaller
subgraphs with fewer downstream splits typically have a lower Jeffreys divergence, making them the most likely candidates
for merging. In contrast, deeper branches with highly differentiated structures are structurally more susceptible to greater
divergence. As a result, most merges occur exactly where they are safest: in areas of the circuit that require only a few
successive conditional approximations, preventing error blowup.

C EXPERIMENTAL DETAILS

C.1 GENERAL EXPERIMENTAL SETUP

Unless otherwise specified, we run all our experiments with a decay factor of A = 0.99. To prevent immediate reversals of
structural operations, edges created by a split must remain unchanged for 20 structural updates before becoming eligible
for merging, while edges affected by a merge cannot be split again for 5 structural updates. Unless otherwise specified,
experiments using random-vtree initialization are averaged over three independently seeded runs. We use a batch size of 256
for the parameter update pass in all our experiments.



C.2 20-DATASET BENCHMARK DETAILS

We evaluate our methodology on the 20 binary density-estimation benchmark datasets, specifically the train and test data
found in github.com/UCLA-StarAI/Density-Estimation-Datasets without any preprocessing. We run
STRUDEL with greedy splitting as a baseline.

The full-batch static evaluations use a decay factor of A = 0; for the stationary and non-static streams we use A = 0.99.
We set the upscale limit of each run to Ny, = 30,000, and we allow downscaling to Ngownsize = 24, 000 when merging
is enabled. Runs were allowed up to 1,000 iterations, but not all runs reached the ceiling within runtime constraints. We
therefore use the common first 200 structural updates for cross-dataset comparisons in Figure 2] since all selected runs reach
this horizon. Individual runs for our offline baseline, static data streams, and non-static data streams are shown in Figure[z_f],
Figure[5} and Figure [6]respectively.

C.3 BINARIZED MNIST DETAILS

For the label-shift experiment from Section we initialize circuits as a random vtree and set Np,x = 25,000 and
Ndownsize = 23, 750 (Nmax - 0.95). We trained on decay factors A = {0.8,0.9, 1.0} both with and without a weighted buffer.
When enabled, the buffer has a capacity equal to 25% of the dataset, and each incoming observation is added with probability
0.1. Figure [7|reports the corresponding results without the replay buffer.

C.4 MERGING EFFICIENCY

We evaluate whether repeated split-merge cycles can improve structure learning without increasing the final circuit size.
Across the 20 benchmark datasets, we target a parameter budget of Nireer = 10,000 and consider three (Npax; Ndownsize)
pairs: (11, 000; 9, 000), (12, 000; 8,000), and (13, 000; 7,000). For each setting, we run Algorithm[I|for n complete upscale-
downscale phases, followed by an additional 100-epoch settling period of parameter-only updates over the entire dataset. All
circuits are initialized from unconditioned random vtrees, and results are averaged over three independently seeded runs per
dataset.

Figure 8] shows both the resulting phase trajectories and the relative BPD improvement as the number of completed merge
phases increases. Repeated split-merge cycles consistently improve BPD while returning the circuit toward the same target
parameter budget, indicating that merging can serve not only as a mechanism for controlling model size, but also as a means
of revising and improving the learned structure.

C.5 LIMITATION OF MERGING

We do not use CLT initialization in experiments involving merging. Compiling a CLT produces a highly shared DAG. This
representation remains compatible with splitting, but merging a conditioned branch can require modifying a subgraph that
is also referenced by other contexts. Preserving those contexts then requires duplicating the shared subgraph, which can
offsetor even reversethe intended reduction in circuit size. Consequently, our current merge experiments use unconditioned
random-vtree initializations. The reported merge results should therefore not be interpreted as demonstrating size control for
CLT-initialized circuits. Supporting shared-subgraph merges without duplication is left for future work.

C.6 RUNTIME

We evaluate runtime over 500 structural updates without imposing a maximum circuit size. For each of the 20 benchmark
datasets, we initialize an unconditioned random vtree and average over three independently seeded runs. We use the
stationary streaming setting, sampling batches of 256 observations from the dataset and performing one structural update
after every batch, resulting in 500 splits per run. The results can be seen in Table[I] Mean update time remains below 0.9
seconds per step for every dataset, but runtime and variability increase substantially for certain datasets where the circuit
undergoes the greatest structural growth, such as kosarek and tretail.
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Figure 4: Per-dataset training BPD over up to 1,000 structural updates with A = 0 for the offline baseline. Random
vtree, Random vtree + CLT, and Random vtree + merging are averaged across three runs per dataset. All runs use
Nmax = 30,000; merging runs use Nyownsize = 24, 000.
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Figure 5: Per-dataset training BPD over up to 1,000 structural updates with A = 0.99 for static data streams. Random
vtree, Random vtree + CLT, and Random vtree + merging are averaged across three runs per dataset. All runs use
Nmax = 30, 000; merging runs use Nyownsize = 24, 000. The dashed line indicates the best offline STRUDEL BPD and is
included only as a static reference; STRUDEL is not trained on the streaming sequence.
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Figure 6: Per-dataset training BPD over up to 1,000 structural updates with A = 0.99 for non-static data streams. Random
vtree, Random vtree + CLT, and Random vtree + merging are averaged across three runs per dataset. All runs use
Nmax = 30, 000; merging runs use Nyownsize = 24, 000. The dashed line indicates the best offline STRUDEL BPD and is
included only as a static reference; STRUDEL is not trained on the streaming sequence.



Dataset Dim Mean (s)/ Max (s)/ Total (s) Final

Iter. Iter. 500 steps  parameters
accidents 111 0.5269 1.950 126236.59 igz'?;;
ad 1,556 0.8639 1.317 13223'% Sﬁz
baudio 100 0.4489 1.620 f;fg fé,lzloz
bbc 1,058 0.4826 0.856 14;:*; 3’[911 ;1
bnetflix 100 0.2403 0.802 fg:é igl’ﬁgég
book 500 0.1396 0.317 291'?8 i l;ﬁ
c20ng 910  0.5298 0.804 fg:g 1,52;1
crs2 889  0.3745 0.594 is;;ﬁ 1’3273
cwebkb 839  0.3681 0.592 igfé% 1432
dna 180 0.2306 0.863 lilgz f{?;;s
jester 100 0.1896 0.751 z49'i 134:,566966
kad 64 0.3658 1.106 f;ﬁ: ffé;‘(,
kosarek 190 0.8063 6.506 i4?g§6 i”;ff99154
msnbe 17 01116 0371 5?186 412?5439
msweb 294 0.2596 2318 f%i ilé?lsé
nltcs 16 0.0804 0.262 ioz..zg f;gf
plants 69  0.3440 0.952 fé:? j"’;f’ffz
pumsb_star 163 0.1653 0.605 i82573 32’29056
tmovie 500 0.1098 0.208 fdi l’?;%
i 35 0ssel Sol 4430 128,197

+264.2 =+ 65,590

Table 1: Runtime over 500 structural updates. Mean denotes the average per-update runtime; Max the largest single-update
runtime across all three runs; Total the mean runtime over all 500 updates; and Final parameters the mean circuit parameter
count after the final update (rounded to the nearest integer). Reported + values denote standard deviations across seeds.

C.7 HARDWARE/SOFTWARE SPECIFICATIONS

All experiments were conducted on a machine running Rocky Linux 8.10 with 2x AMD EPYC 7713 CPUs and 2 TB DDR4
RAM. Multiple runs were executed simultaneously across all 128 CPU cores and without the use of a GPU. We limited each
individual dataset evaluation to 12 hours of runtime and 32GB of RAM. We run our experiments using Python 3.10.17, Rust
1.92.0, Maturin 1.13.1, and NumPy 2.2.5.
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Figure 7: Average training BPD on binarized MNIST under the label-induced shift experiment without a buffer. Evaluations
are performed after training on each digit (x-axis), measuring the average BPD of the specified digits (y-axis). Subfigures
correspond to (a) A = 0.8, (b) A = 0.9, and (¢) A = 1.0.
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Figure 8: Phase trajectory and corresponding BPD improvement (%) from merging over the simulated distribution shift
setting, with (left column) phase trajectories and (right column) BPD improvements for (Nmax; Ndownsize) pairs of (a)
(11,0005 9, 000), (b) (12,000; 8,000), and (c) (13, 000; 7, 000).
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