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Abstract

Probabilistic logic programming offers a princi-
pled way of combining deep learning and formal
reasoning, but its inference is # P-hard. A simple
factorization assumption introduced by TractOR
makes probabilistic reasoning tractable for large
relations at the cost of limiting expressivity. We
reinterpret this approach using Boolean tensor fac-
torizations to identify and resolve three practical
limitations: it is restricted to symmetric relations,
expresses only a limited class of distributions, and
cannot reason across components.

1 INTRODUCTION

Probabilistic logic programming offers a principled
paradigm for neurosymbolic Al (NeSy) [Manhaeve et al.,
2021, |Yang et al., 2020, L1 et al.| |2023|], by combining
deep learning and formal reasoning. Neural networks pre-
dict probabilities and probabilistic logic programs reason
with them. Naturally, parameterizing the probabilities in a
probabilistic logic program by neural networks results in a
NeSy framework with clear semantics.

However, NeSy systems based on probabilistic logic pro-
gramming have two problems. First, exact inference reduces
to weighted model counting, which is # P-hard [Valiant,
1979]]. Second, they model probabilistic relations using in-
dependent random variables, so all dependencies must be
fully described in the logic [van Krieken et al., [2024].

TractOR [Friedman and Van den Broeckl 2020] shows that
representing probabilistic relations with a simple factoriza-
tion rather than using independent random variables makes
probabilistic reasoning tractable and allows learning depen-
dencies. Applying this factorization to probabilistic NeSy
resolves both problems but introduces limitations of its own,
as we will show.

This paper reinterprets TractOR’s factorization using
Boolean tensor factorizations, identifies three practical limi-
tations of it: (1) symmetric relations, (2) limited expressivity
and (3) no interaction between components, and proposes a
solution to each limitation: (1) untying the embeddings, (2)
using a noisy-or instead of a mixture and (3) components
with higher ranks.

2 PRELIMINARIES

Probabilistic Datalog. We assume basic familiarity with
Datalog and otherwise refer to Appendix [A]and [Abiteboul
et al.| [1995]]. Probabilistic Datalog [Fuhr, [1995] extends
Datalog with a distribution over interpretations via proba-
bilistic facts. A probabilistic fact has the form p, :: a, where
a is a ground atom and p, € [0, 1] its associated probability.
A probabilistic Datalog program is a pair (PF, R) where
‘PF is a set of probabilistic facts and R a set of rules.

Each probabilistic fact corresponds to an independent
Bernoulli variable. This induces a distribution over subsets
of facts w called (possible) worlds, defined as follows.

Pr(w)=[]p J] (1-pa) (1)

acw aceF\w

The success probability Pr(q) of a query atom q is defined
under the distribution semantics [Satol [1995] as the proba-
bility that it is entailed by the program w U R, where w is
a randomly sampled world. The Iverson brackets [[.] used
below denote 1 if the condition holds and O otherwise.

Pr(q) = Y [wUR | q] Pr(w) )

wCF

The typical inference approach [Fierens et al., [2015] is to
find a query formula over the probabilistic facts whose mod-
els are exactly the worlds w in which the atom q is entailed
by w UR. The success probability then equals the weighted
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model count (WMC) of this formula. When the Datalog pro-
gram does not contain negation or recursion, this formula
can be written as a union of conjunctive queries (UCQ)
[[Abiteboul et al., [1995].

The complexity of computing the WMC of a formula as a
function of the number of probabilistic facts is called data
complexity, in contrast to query complexity, where the facts
are fixed and query size varies. [Dalvi and Suciu| [2013]]
show that every UCQ formula is either safe (polynomial
data complexity) or unsafe (# P-hard). They provide a lifted
inference algorithm that computes the WMC in polynomial
time for all safe formulas and correctly identifies (and fails
on) unsafe formulas.

TractOR. TractOR [Friedman and Van den Broeckl,[2020],
a probabilistic relational embedding model, answers arbi-
trary queries with polynomial data complexity by making a
simple factorization assumption. It introduces a new prob-
abilistic fact f; (t) for every predicate t and f(x) for every
constant x. Then it assumes that every binary predicate t
factorizes as

t(X,Y) = fi(t), 2(X), f2(Y). A3)

Tractability is then assured by the following theorem, as the
UCQ representation of any query will now contain at most
one variable per atom.

Theorem 1 [Friedman and Van den Broeck, 2020, Thm. 4]
Suppose that p is a UCQ with at most one variable per atom.
Then ¢ is safe.

To improve expressivity, they work with a mixture of &k
such simple models using uniform mixing weights. The
parameters of 1 (t) and f,(x) across the mixture components
act as embeddings.

3 BOOLEAN TENSOR
FACTORIZATIONS IN DATALOG

TractOR’s factorization is closely related to Boolean tensor
factorizations. Hence, we introduce the relevant concepts
[Miettinen, |2011]] and show how to express them in Datalog.

A Boolean tensor is a multidimensional array T €
Bl xxIm with all operations defined over the Boolean
algebra. The order of the tensor equals the number of di-
mensions m, also called ways or modes. An m-ary relation
t over a domain D can be represented as a Boolean tensor
T of order m, assuming a fixed ordering of the domain.

We use lowercase symbols (e.g., t) for logical predicates
and the corresponding uppercase bold symbols (e.g., T') for
their tensor representation, such that V¢ € D™ : t(¢) <=
T(c) = 1. As all Boolean tensors in this paper represent

Ll VL VL '

Figure 1: The Boolean CP factorization visualized.

relations, we index tensors directly with domain elements,
assuming an implicit mapping to tensor indices.

A rank-1 Boolean tensor is an outer product of Boolean
vectors. This rule expresses that T' is a rank-1 tensor.

t(XvY’Z) = fl(x)’f2(Y)7f3(Z) 4

The Boolean canonical polyadic (CP) factorization decom-
poses a tensor into a disjunction of r rank-1 component
tensors, where r is the (Boolean) rank of the factorization.
The Datalog rules t(X,Y,Z) :— f1(X,1),f2(Y,1),f3(Z,1)
and t(X,Y,Z) :— f1(X,2),f2(Y, 2),f3(Z, 2) express that T
is a rank-2 tensof] The r vectors for each mode n can be col-
lected as the columns of a factor matrix F,, corresponding
to the predicate f, in the Datalog rules. The CP factoriza-
tion can then be written as I, X1 F; x5 Fy x3 F3, with I,
the size r identity tensor and X,, the tensor product along
the n™ mode (see Figure . The numbers in the second
argument position of f,,, indicating the columns, form the
latent domain Dy, = {1, ...,r} where r is the rank of the
factorization. The two rules from before can now be written
as a single rule where the variable | ranges over the latent
domain containing two elements.

t(X, Y, Z) = 10X, 1), f2(Y, 1), f3(Z, 1) ®))

Example 1 Consider the third-order Boolean tensor over
the domain {a,b, c} representing the relation

t={(a,a,a),(c,a,a),(a,c,a),(c,c,a),(a,a,b),(b,a,b),
(a,b,b), (b,b,b), (a,a,c),(c,a,c),(a,cc),(cc,c)}.

Then there exists a rank-2 Boolean CP factorization of this
relation shown below as a program and using tensors.

f1<a7 1).f1(a, 2)f1(b, 2).f1<C, 1).f2(a¢ 1).f2(a, 2)
fQ(b, 2).f2(C, 1).f3(a, 1)f3(b 2).f3(C, ].)
t(X,Y,Z) == f1.(X, 1), f2(Y, 1), f2(Z, 1).

a b c a b c a b c
a 1 01 110 1 01
T =bf 00 O 110 000
c 1 01 000 1 01
1 2 1 2 1 2
11 11 1 0 |a
= Ipxi| 01 (X2 01 [x3]| 0 1 (b
10 10 1 0 |[¢

'W.1.0.g., we factorize a single relation, as the tensors of multi-
ple relations of the same arity can always be stacked along a new
mode creating a single higher-order relation (see Appendix [B.T).



Each rank-1 component in the factorization covers a subset
of the relation called a tile. Therefore, the CP factoriza-
tion corresponds to a tiling of the reconstructed relation.
See Appendix [B| for further discussion on Boolean tensor
factorizations and their connection to tilings.

When the same factor matrix is used for different modes in
the same factorization, we call these modes or embeddings
tied. For example, in TractOR’s factorization (Equation [3)
the second and third mode are tied.

4 TRACTABLE PROBABILISTIC
DATALOG

We now show how modeling probabilistic relations with
tensor factorizations rather than fully materializing them
leads to tractable inference.

We say a program is factorized if all probabilistic facts are
factor predicates of the same CP factorization. Hence, a
factorized program contains one rule defining the factor-
ization (Equation[3]) and possibly others over the relations
reconstructed by the factorization. We assume every possi-
ble probabilistic fact over the factor predicates is present,
the number of which is polynomial in the domain sizes
(i.e., O(m|D||D1at])). Since we use the fragment of Datalog
equivalent to UCQ, any formula derived from a factorized
program can be written as a UCQ containing only factor
predicates. Grounding all variables ranging over the latent
domain results in a formula where every atom contains at
most one variable. As the increase in formula size depends
only on the size of the latent domain, the theorem below
follows from Theorem 1}

Theorem 2 For a fixed latent domain D, answering
an arbitrary query over a factorized negation-free non-
recursive probabilistic Datalog program is polynomial in
the size of the original domain D.

However, answering an arbitrary query remains intractable
in the latent domain size. In practice, this intractability is pro-
hibitive, even for low-rank factorizations where this domain
is small. TractOR avoids this problem by using a mixture
of rank-1 factorized programs. That is, it takes k factorized
programs with a rank-1 factorization rule (in which case
Equation [5|reduces to Equation[d)), and the probability of a
query q is the average over the answers of these programs.
That is, Prrvactor(q) = 2521 + Pr;(q) with Prj(q) the
predicted success probability of the j rank-1 program.

Learning factorizations. Factorized programs are a
tractable subset of probabilistic Datalog, so we can learn
their parameters with any standard approach. However, to
achieve the claimed tractability, we rewrite the query as a
UCQ and use the lifted inference algorithm from Dalvi and

Suctu|[2013]] to compile a polynomial-sized circuit comput-
ing its WMC. The circuit is end-to-end differentiable, so we
can learn the parameters using gradient descent. This is a
gradient-based approach to learning the factorization.

On a task where the domain consists of subsymbolic inputs,
e.g., a citation graph where every entity is a text document,
the parameters of a factorized program can be predicted by
neural networks. Current neurosymbolic frameworks usu-
ally predict relations over, e.g., documents directly, whereas
here they would predict the latent unary properties of each
document (each column of the factor matrices represents
one such property), from which these relations can be recon-
structed. We leave such an extension for future work.

4.1 LIMITATIONS AND SOLUTIONS

We identify three limitations of TractOR’s factorization,
propose a solution for each and use experiments to illustrate
them. We experiment on two tasks: a toy example containing
two simple relations t; and ty (see Figure 3] ground truth)
and the countries knowledge graph [Bouchard et al., 2015]],
which contains the locatedIn and neighborOf relations over
all countries, 23 subregions, and 5 continents of the world.
On both tasks, we first train a mixture or noisy-or over
rank-1 programs with only the factorization rule, learning an
approximation of the given relations. Then, we add various
rules to the rank-1 programs to derive the symmetric closure,
intersection, union, and composition of the learned relations.
We report binary cross-entropy (BCE) to measure the quality
of the computed success probabilities and mean average
precision (mAP) to measure the correct ranking of true and
false facts. For further experimental details, including the
rules used, we refer to Appendix[C]

1. Symmetric relations only. Tying modes restricts tiles
to be symmetric in these modes. For example, TractOR’s
factorization (Equation[3) can only represent symmetric rela-
tions because the final two modes are tied, as also mentioned
in the paper [Friedman and Van den Broeckl 2020].

Untying the modes (i.e., a separate f,, for each argument posi-
tion) allows representing non-symmetric relations, although
this increases the number of parameters from O(k|D|) to
O(mk|D|). Figure 2| (top) shows on the toy task that this
has a significant impact even when factorizing very simple
relations.

2. Limited expressivity. Each rank-1 program defines a
distribution over possible worlds in which the reconstructed
relation t is a single tile, so the success probability of t(a, b)
equals the marginal probability that (a, b) lies in that tile.
A mixture of the predicted success probability of these
rank-1 programs can only assign probability one to two
facts t(a1, b1) and t(ag, by) if all rank-1 programs assign
only probability mass to tiles covering both of these facts. As
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Figure 2: The results for training the rank-1 programs on
the toy task (top) and countries task (bottom).

any tile covering both t(ay, by) and t(az, by) (with a; # a,
and by # by) also covers t(a, by) and t(az, by ) it is then im-
possible to not assign probability one to the latter two facts
at the same time. These mixtures can therefore not represent
arbitrary success probabilities even with an arbitrary number
of components. When learning the factorization’s param-
eters using binary cross-entropy loss, as is common for
probabilistic logic programs, this inexpressivity moreover
leads to local minima that separate positive from negative
queries but fail to learn the correct probabilities of these
queries.

Combining the success probabilities of the rank-1 programs
using a noisy-or, i.e., Pr(q) = 1 — H?zl(l — Pr;(q)),
instead of a mixture, resolves the expressivity problem.
Whereas the mixture treats the programs as mutually ex-
clusive, selecting one program’s prediction, the noisy-or
treats them as independent, so a fact is derived whenever at
least one program predicts it. This does allow representing
arbitrary success probabilities given an arbitrary number of
components, as we could define a separate tile for every true
reconstructed ground fact. Figure 2] shows that using the
noisy-or is better at both learning the correct marginals and
correctly ranking true and false facts. Figure [3 (top) shows
on the toy task that the noisy-or better approximates the
ground-truth queries than the mixture.

3. No interaction between components. Finally, when
adding rules to rank-1 programs, they are not applied across
components. Since every program reconstructs a single tile,
rule bodies only combine facts from the same tile. Whether
this limits what is derivable depends on the rule. For ex-
ample, applying symmetry to each tile makes the whole
relation symmetric, but composing two facts from different
tiles is not possible.

The third limitation would be fully resolved by a single
program of sufficiently high rank to approximate the target
relation, at the cost of intractability in the rank (Theorem 2).
A noisy-or over low-rank components would instead trade
tractability against which facts are derivable, which we leave

Table 1: The results for applying rules to learned relations
for the toy task using the untied noisy-or program. Adding
the rules to the factorized program is compared to a baseline
which first reconstructs the learned factorization and then
applies the rules.

baseline factorized
rule BCE| mAP1T BCEJ] mAP?
symmetry 0.025 1.000 0.019 1.000
intersection 0.012 1.000 1.832 1.000
union 0.029 1.000 0.581 1.000
composition  0.017 1.000 2416  0.851

to future work. Table[I|compares our approach, which adds
the rules to each rank-1 program, against a baseline that first
reconstructs the relation with the noisy-or and then applies
the rules. The baseline is infeasible for the larger countries
knowledge graph, whereas our approach does scale to this
larger task (see Appendix [C.I)). The factorized program
perfectly applies the symmetry rule but does not consistently
predict the success probabilities for the other rules, as this
might require reasoning across tiles. For example, Figure 3]
(bottom) shows that the composition rule is correctly applied
within a single tile (composition,, composing t, facts) but
not across tiles (composition;, composing t; facts).

ground truth untied mixture untied noisy-or
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Figure 3: The success probabilities predicted by the noisy-or
and mixture over rank-1 programs for the learned predicates
t; and t, (top) and derived composition facts (bottom).

S CONCLUSION

The mixture of rank-1 factorizations proposed by TractOR
[Friedman and Van den Broeck, 2020] can be applied to
probabilistic Datalog for tractable probabilistic neurosym-
bolic reasoning. However, three limitations restrict the prac-
tical use of this subset of probabilistic Datalog: it can only
represent symmetric relations, expresses a limited class of
distributions, and does not allow reasoning across mixture
components. We proposed a solution to each: untying the
embeddings, replacing the mixture with a noisy-or, and us-
ing components with a higher rank.
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A DATALOG
A term is either a constant c or a variable X. An atom has the form a(c), where a is a predicate of arity m, and ¢ = ¢1,...,Cpn
are its arguments. A rule is an expression of the form h :— by, ..., b,., where h is an atom called the head, and by, ..., b,

are atoms forming the body. The rule states that the head is true whenever all atoms in the body are true. A fact is a ground
rule with an empty body representing an atom that is unconditionally true. An expression (atom, rule, query) is ground if it
does not contain variables. A non-ground expression can be grounded by substituting all its variables by constants.

A Datalog program P is a pair (F, R), where F is a set of facts and R is a set of rules with non-empty bodies. The set of
all constants occurring in a program is called the domain D, also known as the Herbrand universe. The set of all predicates
occurring in the program is denoted by Pred(P). Throughout the paper, we will assume that the predicates occurring in F
do not occur in the heads of the rules R and there is no recursion in the rule set. Rules are sometimes called conjunctive
queries (CQ) and multiple rules for the same head predicate form a union of conjunctive queries (UCQ), which represents a
disjunction of conjunctions.

The Herbrand base B is the set of all possible ground atoms that can be formed using predicates in Pred(P) and constants in
D. A (Herbrand) interpretation is a set of ground atoms that are considered true; all other ground atoms in B are considered
false. The interpretation of a predicate is called a relation, but they are often used interchangeably. A ground rule is satisfied
by an interpretation if either the body is false or the head is true. A non-ground rule is satisfied if all its ground instances are
satisfied. An interpretation is a (Herbrand) model of a program if it satisfies all rules in the program. The least (Herbrand)
model M p is the unique model that is a subset of all other models [[Van Emden and Kowalski, [1976]] and it determines the
intended semantics of the program. A ground query q is entailed by a program P, denoted P = q, if q is true in the least
model of P.

Example 2 Consider the following program P with domain D = {a, b, c}.

likes(a, a). likes(a, b). likes(b, a).
likes(b, b). likes(b, c). likes(c, b). likes(c, c).
path3(X,Y) :— likes(X, X1), likes(X1, X2), likes(Xz, Y).

The Herbrand base B is {likes(a,a), likes(a,b), ..., paths(c,b), paths(c,c)}. The least model of P is Mp = B\
{likes(a, c), likes(c,a)}.

B BOOLEAN TENSOR FACTORIZATIONS

B.1 FACTORIZING MULTIPLE RELATIONS

To factorize multiple relations of the same arity, their Boolean tensors can be stacked along a new mode, and the resulting
higher-order tensor can be factorized in the usual way. This corresponds to reification in Datalog, where every atom
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t(cy, - .., cm) containing one of the chosen predicates is replaced by stack(t, ci, . .., ¢y ), with stack a fresh predicate. This
preserves the semantics of the program. We allow predicates to appear as arguments in the paper, implicitly assuming
reification. For example, t(X,Y) :— f1(t), f2(X), f3(Y) is syntactic sugar for stack(t, X,Y) :— f1(t), f2(X), f3(Y).

B.2 CLUSTERINGS AND TILINGS

It is common to interpret the Boolean factor matrices F,, as clusterings, where each column defines a different cluster
[Miettinen, |2011]]. Each column corresponds to a latent constant in Dy, so latent constants can be thought of as clusters
containing all domain elements with a 1 in the corresponding column. For example, the fact f,,(c, 1) can be interpreted as ¢
being in cluster 1 under clustering n.

The corresponding interpretation of the CP decomposition is that of a tiling [Geerts et al., 2004, [Miettinen, [2011]]. Each
rank-1 component tensor corresponds to an all-ones subtensor called a tile. Together, the r tiles must cover all ones of the
reconstructed tensor and none of the zeros. A tile has the same order as the reconstructed tensor but contains only a subset of
its indices along each mode. These subsets are defined by the corresponding clusters in the factor matrices. Formally, a tiling
is defined as shown below.

Definition 1 (Tiling) Given an m-ary relation t C D™, atile 7(dy, . .., d.,) is the Cartesian product dy X - -+ X d,, of m
subsets of the domain, that is, d,, C D for eachn € {1,... ,m}. A tile covers t if all tuples in the tile are part of the relation,
that is, V(c1,...,Cm) € T(d1, ..., dm) : t(c1, ..., Cm). A set of tiles forms a tiling of relation t if the union of all the tiles is
equal to the relation t.

C EXPERIMENTAL DETAILS

Both tasks consist of two steps: learn only the factorization and apply the rules. For the first step, we train the parameters of
a factorized program containing only the factorization rule (e.g., t(X,Y) :— fi(t, 1), f2(X, 1), f3(Y, 1) for each probabilistic
relation t). Afterwards, we add a copy of the rules shown in Equation [6] (substituting t) for every probabilistic relation
learned in the experiment.

symmetric(X,Y) :— t(X,Y).
symmetric(X,Y) :— t(Y, X).
composition(X,Z) :— t(X,Y), t(Y,Z).
union(X,Y) :— t(X, Z
union(X,Y) :— t(Y,Z
intersection(X,Y) :— t(X, Z),t(Y, Z).

) (6)
).

As a baseline for the rule applications, we first reconstruct the learned relations as the predicted success probabilities of the
mixture/noisy-or over rank-1 programs and add them as explicit probabilistic relations to a probabilistic program. When
learning the factorizations, we use the hyperparameters reported in Table[2] We repeat all experiments across five random
seeds and report the means. For the countries experiment, we add a regularization term to the loss with regularization weight
A that ensures the L; norm of each column of the factor matrices is larger than one to ensure no components are unused.
This is essential to make the performance improve with increasing rank.

Table 2: Hyperparameters for the toy and countries experiments, where k refers to the number of rank-1 programs.

Experiment Ir  epochs k loss A

Toy 1 1000 3 BCE -
Countries 0.1 600 {100, 200,300} BCE 0.1

We train and evaluate the programs similar to [Fierens et al.|[2015] by compiling them once into an end-to-end differentiable
circuit implemented with an extension of KLay [Maene et al., 2025].



C.1 ADDITIONAL RESULTS

In this section, we include some additional experimental results. Table [3]shows the performance of adding different rules
to the factorized programs (untied noisy-or) trained on the countries dataset for an increasing number of rank-1 programs
k. Figure [ shows the application of all four rules on the toy relations, further illustrating that these rule applications are
limited to single tiles.

Table 3: The results for adding rules to the rank-1 programs using the untied noisy-or after training the factorization on the
countries task.

k =100 k = 200 k = 300

BCE| mAP{ BCE| mAP{ BCE] mAP*

symmetry ~ 0.010  0.873 0.008 0931 0006 0.963
intersection  0.513 0779  0.428  0.846 0402  0.876

union 0.121 1.000  0.082  1.000  0.058 1.000
composition 0.074 0398  0.087 0400 0.094 0439

ground truth baseline untied noisy-or

=
a a a +1.00 = ground truth baseline untied noisy-or o
symmetry; b b b E a a a 100
p c ¢ 075 § union; b || b | b 9
S c c c 075 8
a b ¢ a b ¢ a b ¢ 0.50 &, 2
= a b ¢ a b ¢ a b ¢ 0.50 &
a a a 0.25 5 a a a ]

= 0.25
symmetry, b b b 5 uniong b b b °g
c ¢ c 0.00 g c c c 0.00 5
a b ¢ a b c a b c a b c a b c a b c =
ground truth baseline untied noisy-or . ground truth baseline untied noisy-or .
) _a a a 1005 a a a 1005
intersection; b b b 3 composition; b b b 07(@
c ¢ c 075 § c c c .75 @
a b ¢ a b ¢ a b c 050 2. a b ¢ a b ¢ a b ¢ 0.50 A
) a a a 025 & Lo @ a a 025 £
intersection; b b b S compositionz b b b =3
c c c 0.00 &5 c c c 0.00 &
a b c a b c a b c 8 a b ¢ a b ¢ a b c =

Figure 4: Success probabilities predicted by the baseline and the factorized programs for the derived symmetry, union,
intersection and composition facts.
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