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Abstract

Martingale posteriors are a post-Bayesian ap-
proach that quantifies uncertainty by replacing the
prior and likelihood with a predictive rule, imput-
ing the unobserved population by predictive re-
sampling. Existing constructions largely focus on
univariate outcomes, and multivariate extensions
factorise the joint predictive autoregressively, scal-
ing poorly with dimension. We address this gap
with a copula representation of the joint predictive
rule: each coordinate evolves through its own uni-
variate recursion, and a single copula, calibrated
once to the data, carries the dependence between
them. Because the marginals are decoupled from
the dependence, they can be fitted and resampled
in parallel giving a scheme that is both more scal-
able and tractable. We demonstrate the resulting
substantial runtime advantage in one synthetic and
one real-data application.

1 INTRODUCTION

Martingale posteriors (MPs) [Fong et al., [2023] offer an
alternative to traditional Bayesian inference. Rather than
placing a prior on a parameter, one specifies a sequence
of one-step-ahead predictive distributions and imputes the
unobserved population by forward simulation. The induced
distribution over any functional of interest is the MP, ob-
tained exactly, without MCMC, and in a manner that is
trivially parallel across the independent forward-sampling
chains. Most existing constructions, however, target uni-
variate outcomes. The multivariate extension of |[Fong et al.
[2023]] factorises the joint predictive autoregressively, draw-
ing each coordinate conditional on the preceding ones. This
imposes a serial bottleneck within every chain: the cost of
a forward step grows linearly with the dimension and can-

*Equal contribution.

not be parallelised across coordinates, which confines the
method to low-dimensional problems.

We propose a more scalable forward sampling scheme based
on a copula factorisation of the joint predictive, separating
the marginal dynamics from the cross-dimensional depen-
dence. Each coordinate is advanced by its own univariate
update, while a coupling copula, fitted once to the observed
data and subsequently held fixed, supplies the dependence
among coordinates. A forward step then reduces to a single
vectorised copula draw followed by marginal updates that
run in parallel, in place of the sequential conditionals of the
autoregressive scheme. The resulting method can be paral-
lelised both across coordinates within a sequence and across
sequences, and we show that convergence of the marginal
sequences alone suffices for the joint to define a valid MP.
The factorisation is also more tractable: each marginal is
directly available, the dependence is given explicitly by the
copula rather than left implicit, and for some copula families
this yields a closed-form cumulative distribution function
(CDF) — properties on which many downstream tasks rely.

In simple experiments, we demonstrate the significant run-
time advantage of our method, while its predictive perfor-
mance is comparable or only slightly worse.

2 PRELIMINARIES

Copula. Named after the Latin term for a link or bond, a
copula is a joint probability distribution coupling univariate
marginal distributions into a multivariate distribution:

Theorem 1 (Sklar|[1959]) Let P be a d-dimensional dis-
tribution on' ) C R® with continuous marginal cumulative
distribution functions PV PR P@) Then there ex-
ists a unique copula distribution C : [0,1]% — [0, 1] such
that for all y = (y(,y® ... y(®) e R?:

P(y) = C(PW(yM), ..., PWD(yD)).

If a probability density function (PDF) p : Y — R is avail-
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able:
d . .
) = [[p7 D) - e(POGD),.... POD)),
i=1

where pM (yM), ... p@ (y(D) are the marginal PDFs,
and c : [0,1]¢ — (0, 00) is the copula PDF.

First, each marginal distribution is fitted independently.
Then, the dependence structure among variables is mod-
elled using a d-dimensional copula. This offers considerable
tractability as the copula can be selected to capture the de-
sired form of dependence while marginals can be separately
tailored per dimension. See Appendix [B|for more details.

Martingale Posteriors. The MP framework [Fong et al.,
2023| recasts Bayesian inference as a predictive problem.
Let the parameter of interest be a functional § = 6(P) of
the unknown data distribution y ~ P. Given the observed
sample yj.,,, posterior uncertainty about 6 is no longer
derived from a prior and likelihood, but from the uncer-
tainty in imputing the missing observations y,,4+1.cc. This
imputation proceeds by forward simulating y,, 41, Yn+2, - - -

from a sequence of one-step-ahead predictive distributions
P(Ym+1 | Y1.m), yielding a completed dataset whose em-
pirical measure converges to a random limit P. Repeating
this forward simulation independently produces draws of
0(P), whose distribution is the MP. The terminology re-
flects the sufficient condition that the predictive sequence
forms a martingale, which ensures the limit exists almost
surely and that the construction is probabilistically coherent.
When the predictive rule coincides with the posterior pre-
dictive of a traditional Bayesian model, the MP recovers the
conventional posterior as a special case.

Predictive Updates. A crucial choice is the predictive
rule that generates the forward samples. The simplest is
the Bayesian bootstrap [Rubin, |1981]]. Forward-sampling
each y,, 11 from the empirical distribution of y;.,, yields
a limiting measure supported only on the observed points.
Its discreteness is restrictive, motivating updates that spread
mass continuously. Hahn et al.|[2018]] show that any univari-
ate Bayesian predictive sequence admits a recursive update

P (Y) = cm{Prn—1(y), Pm—1(ym)} Pm—1(y),

where c,, is a bivariate copula density and P,,,_; the current
predictive distribution function. However, the exact copula
is intractable for most predictives. Motivated by a Dirichlet
process mixture, they propose the following copula update

pm(y> = (1 - am)pmfl(y)
+am CP{mel(y)a mel(ym)}pmfl(y)’

with ¢, the bivariate Gaussian copula density and o, =
O(m~1). This predictive rule is extended by [Fong et al.

[2023]] to the multivariate, regression and classifica-
tion settings with later works improving its flexibility
[Ghalebikesabi et al.,[2023| |[Huk et al., 2024]). Other predic-
tive rules include Newton’s algorithm [Newton et al., [1998]],
as well as MPs using quantile regression [Fong and Yiu,
2025]], a pretrained foundation model [Ng et al.,|2025]), and
log-concave densities [[Cui and Walker, [2026].

Importantly, the multivariate copula update of [Fong et al.
[2023] factorises the joint predictive autoregressively. This
means that for predictive resampling, a single imputed ob-
servation is drawn one coordinate at a time from the con-
ditionals Py, _1(y™), Pru_1(y@ | yM), ..., Pp_1(y¥ |
y(1:4=1)) Tt inherits the autoregressive bottleneck: the i
coordinate cannot be sampled from P, 1 (y(*) | y(1:#~1)
until the preceding ¢ — 1 univariate samples are in hand, so
the d dimensions are processed strictly in sequence with a
growing conditioning set. Thus, the cost of a single forward
simulation of the joint scales linearly with d and admits no
parallelism across dimensions, rendering predictive resam-
pling cumbersome for even moderate dimensions.

3 COPULA-COUPLED PREDICTIVE
RESAMPLING

We forego the autoregressive factorisation in favour of a
copula based decomposition for better scalability. We first

prescribe an update rule P @ (P(i) yfﬁ)) to each

dimension separately to carry its own Tgnilv,ariate predic-
tive distribution function P,(,f), i =1,...,d. These can be
learned via one of the aforementioned univariate updates.
We then tie the dimensions together with a copula C' on
[0, 1], fitted once to {PS” (y$)}n_,, i = 1,....d and

held fixed thereafter. By Sklar’s Theorem [Sklar} |1959], the
joint predictive has the following form:

Bty = O{FD (1) o0 B0 (). )

Forward Sampling. Each forward step draws one vector

u, = (ug,l,,), o ,ugff)) ~ (' and imputes the coordinates

by inverse-CDF sampling, 5 = (P )~ (u{?), before
updating the marginals. Since C' has uniform margins, each
y,(fl) is a valid draw from Psll, with the dependence sup-
plied by C and held fixed throughout. Both steps depend
only on u,,, and each coordinate’s current marginal, and can
therefore be parallelised. Algorithm [I]summarises the pro-
cedure and contrasts it with the autoregressive construction.

Computational speed. Our forward step scales better
with d: the d inverse-CDF evaluations and d marginal up-
dates carry no cross-coordinate dependencies and so have
O(1) depth, whereas the autoregressive method has O(d)
depth and admits no parallelism across dimensions. We



Algorithm 1 Forward sampling for a single martingale-posterior draw: our copula-coupled scheme (a) versus the joint
autoregressive scheme of [Fong et al.[[2023] (b). Blue steps avoid serial cross-coordinate dependence: line 1 draws the whole
copula pool in one batched call, and the inner loop runs independently over the d dimensions. In (b) coordinate 7 is sampled

conditional on y,i:i_ 1)

, so the inner loop is sequential. The outer loop over m is sequential in both.

(a) Copula-coupled (ours)
Require: copula C, marginals {P,(f)}le, update ¢(i), N

I {um’};ﬁ:n#rl ~C
2:f0rm:n+1t0Nd0

3: for : = 1 to d in parallel do

& g (PD )=1(ul))

s B e uOR )

6: end for

7: end for

8: Pn(y) (7C{P](Vl)(y(l)),.-.,PJ(\;i)(y(d))}
9: return Py

(b) Autoregressive [Fong et al., 2023
Require: joint predictive P,, joint update ¥, N
I: form=n+1to N do
2: fori=1toddo

3: Yy ~ P (| g ™Y)
4: end for

5: Pm — \I](Pm—hym)

6: end for

7: return Py

draw the N — n copula samples in a single batch, amortis-
ing the sampling cost through vectorisation, and assign each
sequence a different permutation. The recursions then run
in parallel across both dimensions and sequences.

Marginal recursion. The marginal update function 1)(*)
can be chosen separately for each dimension. In this work,
to enhance tractability, we focus on the univariate Gaussian-
copula recursion with explicit form

P () = (1=am) Py )+ om Hyo { Py @), i)},

where H,, is the conditional Gaussian copula and p® a per-
dimension bandwidth. When the update (%) acts directly on
CDF values u(Y) = P,Sz)_l (yfﬁ)) rather than on observables
yfﬁ) — as in the copula update above — the coordinates
need not be imputed explicitly. Instead, we recurse directly

using the appropriate dimension of the copula sample u,,.

Coupling copula. (4 may itself carry hyperparameters
¢ (e.g. a correlation matrix for a Gaussian or ¢-copula). We
propose choosing ¢ by maximising the joint log-score of the
observed data y ., under the fitted predictive (). By Theo-
rem(I] this reduces to a standard copula MLE problem on the

pseudo-observations u; = (P,gl) (yj(zl))7 ey P,gd)(yj(.d)))

b = arg max log cy(u;).
¢ g¢zg¢(3)

J=1

We use the tractable pair-copula construction of |(Czado and
Nagler| [2022] in this paper, and leave the exploration of
more flexible copula methods [Janke et al.| 2021, Huk et al.,
2025l |Huk and Damoulas, [2026] for future work.

Regression. The construction adapts readily to regres-
sion tasks. Consider a response y with covariates x =
(M, ..., 2(D). We learn a univariate predictive for each

of the d 4+ 1 coordinates and couple them with a single
copula over (y, x) with density c. Since the joint predictive
factorises into its marginals and ¢, the covariate marginals
cancel such that

_ A PW (y), PR (@), ..., Pz D)}
CX{P}nl)(x(l))’ . Péf) (x(d))}

Pm(y | )

where ¢ is the covariate sub-copula. For an elliptical cop-
ula, cx is the sub-copula indexed by the covariate block, so
a single fit suffices. Alternatively, fitting numerator and de-
nominator copulas separately allows a more flexible model.

3.1 FORWARD SAMPLING CONVERGENCE

To theoretically justify our algorithm, we show that the
copula-coupled joint predictive converges to a well-defined
limit if the marginals converge. This guarantees that the im-
puted sequence y,,+1, Yn+2, - - - is asymptotically exchange-
able [Berti et al., |2004] as required for a valid MP [Fong
et al.| 2023]]. We make the following assumptions:

(A1) P = P® almost surely for each i, where P() is
strictly increasing and almost surely continuous on R.

(A2) Given obse_rved Y1.n, C is fixed, and for u,, ~ C,
Uy AL {PY ¥4 for all resampling steps m > n.

Assumption (A1) holds for the univariate copula recursion
and many other predictive rules, while (A2) ensures the
copula stays fixed once fitted on observables. The following
result, proved in Appendix [A] gives the desired convergence.

Theorem 2 (Copula-coupled predictive convergence)

Under (Al) and (A2), let the forward samples for m > n
be drawn as yr(,? = (Pg)_l)_l(u%)) with u,, ~ C.
Then the joint predictive P,, converges weakly to
P(y) = C{PW(yW),..., PD(y D)}, almost surely, as

m — OQ.

P (Y)s



4 EXPERIMENTS

Additional details on the experiments are available in Ap-
pendix [Cand code to reproduce our findings can be found
athttps://github.com/gregorsteiner/MMP.

4.1 GAUSSIAN MIXTURE

To illustrate the copula-coupled predictive resampling
scheme, we consider n = 100 observations drawn from
a two-dimensional Gaussian mixture with well-separated
modes, and the two coordinates are positively dependent
both within and across mixture components.

For each dimension d = 1, 2 we fit a univariate copula-based

predictive Pr(ld) using the recursive Gaussian-copula update,
with the bandwidth parameter p(?) chosen by maximis-
ing the in-sample log-score. The two marginal sequences
are then coupled via a transformation local likelihood cop-
ula [Geenens et al.,|2017]. We run B = 100 independent
forward-sampling sequences of length 7" = 5000. Figure|T]
shows the posterior mean and standard deviations of the
resulting joint densities along with those obtained by the
AR method, overlaid on the observed data. Both methods
recover the underlying structure well, with the highest mean
PDFs at the modes and uncertainty concentrated in the same
regions. Copula-coupled forward sampling takes only 2.9
seconds here, versus 37.2 for the autoregressive method.
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Figure 1: Posterior uncertainty. We show the posterior
mean (left) and standard deviation (right) of the joint predic-
tive PDF for the copula-coupled (CC, blue) and the autore-
gressive (AR, red) method with the observed data (black).
Both approaches result in similar uncertainty estimates.
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Figure 2: Runtime (in seconds) and negative log-score on the
test data for the copula-coupled (CC) and the autoregressive
(AR) resampling on the abalone data. We show the mean
and standard deviation across three random splits.

4.2 ABALONE

We evaluate copula-coupled predictive resampling using a
vine copula [[Czado and Nagler, [2022]], against the autore-
gressive method of [Fong et al.| [2023]] on the abalone
dataset [Nash et al.l [1994]], using the first d € {2,4, 6,8}
variables. We use a 50/50 train-test split repeated across
three random seeds, with B = 50 sequences of length
T = 2000, and report the negative log-score at the posterior
mean on the test data. Figure[2]displays the results. The for-
ward sampling time of our method remains essentially con-
stant with the dimension, whereas the autoregressive scales
substantially worse. The decrease in runtime from d = 6 to
d = 8 for the autoregressive method is worth exploring in
future work. In terms of predictive performance, the autore-
gressive method achieves a lower negative log-score across
all dimensions. However, the gap remains modest, suggest-
ing that our approach quantifies uncertainty reasonably well
at a fraction of the computational cost.

S DISCUSSION

We have introduced a copula-coupled scheme for multivari-
ate MPs, in which each coordinate is advanced by its own
predictive recursion while a single copula carries the de-
pendence. This separation makes the scheme both scalable
through parallelisation and tractable through directly avail-
able marginals and an explicit dependence structure. This
matters, for instance, for causal inference, which reasons
about marginal and conditional distributions separately, and
for safety-critical applications that require auditing uncer-
tainty per variable as well as through the joint. Since the
marginals and the dependence can be inspected and tested
independently, our construction is well-suited to tractable
probabilistic modelling. In future work, we will explore
the selection of the dependence structure for different data
types, as well as alternative choices for marginal updates.


https://github.com/gregorsteiner/MMP
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A THEOREM

)

We consider the random variables 3 := (P,Sj)_l)—l(u%7 i = ., d, where each P,Ef

1,..
distribution function and u,, = (uﬁ,{% e ,uS:?) has copula C on (0,1)%, independent of {P,Sf)_l};f:l. We impose the

following assumptions.

1 1s a random cumulative

(A1) Pathwise weak convergence of marginals. For each i, almost surely, Py(,f) = P where P is a strictly increasing
probability distribution function almost surely continuous on R.

(A2) Independence and copula structure. Conditional on observations y;.,, C is a fixed copula on [0, 1}‘1, and for each
m > n, the random vector u,, is independent of {Pf,f)_l}f:l, where u,, ~ C.
Conditional law representation. Conditionally on {P,(,f)_l}f:l, the vector y,, is generated by applying the inverse

marginal transforms to a copula-distributed vector. Hence, for any bounded measurable function f : R — R,

B[ ) [P = [ Pt ) dw)

(0,1)¢

(1

where we use P! (u) := ((szl)_l(u(l)), s (P,Sflzl)_l(u(d))) for the component-wise inverse. Equivalently, the

conditional distribution of y,,, given {P,(ni)_l}gl=1 is the pushforward measure £(y., | {P,(,fll}f:l) = (P} ,)4C. Define

similarly £(y | {PW}L,) := (P~1)..C. We show that conditional on y1.n, £(ym | {P.}0,) = L(y | {PD}L))
almost surely.

Proof

Fix w in the almost sure event where (A1) holds. Then, for each 4, the functions P(i) (w) are deterministic distribution

m—1
functions satisfying Pﬁ?_l (w) = P9 (w), where P(%)(w) is continuous. By the quantile convergence theorem, this implies
pointwise convergence of the corresponding generalised inverse functions:

(P @)~ (@) = (PO (@) (), vl € (0,1). @)

Let f : R? — R be continuous and bounded. Then

/ FALYm | P H) (@) = E[f(ym) [{PSL ML | (@) 3)
= [ H(PRL@)(w) dO(u). )

(0,1)¢
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Since f is continuous and bounded, and (P!, (w))(u) — (P~*(w))(u) pointwise in u, with C being a fixed measure
conditional on y;.,, invariant to m > n due to (A2), the dominated convergence theorem yields

/(O e H(Ppl1(@))(w) dC(u) — oy A(P~H(w))(u)) dC(u), 5)
o [ractn 1P~ [ 14t | PO ) ©

which by the Portmanteau theorem implies L(y,, | {Pgll}le) = L(y | {PW}L,) almost surely. Because
L(ym | {Pfi)_l};-i:l) and L(y | {P™}L,) are the probability measures uniquely corresponding to the joint cumula-

tive distribution functions P,,_1(y) and P(y) = C{PW(yW),..., P (y(@))}, this weak convergence of measures
equivalently establishes that P,,_; = P almost surely.

B COPULA MODELS

A simple yet widely used parametric copula family is the Gaussian copula ¢ : [0, 1]¢ — (0, c0). It assumes the dependence
matches that of a standard multivariate Gaussian distribution with zero mean and correlation matrix 3:

Ny (@ W), 2 (u@);0,%)

(1) (d)
CE(U’ gy U ) :
[T, N(@= 1 (u);0,1)

In the bivariate case (d = 2), fitting the Gaussian copula reduces to selecting a correlation coefficient p.

C ADDITIONAL DETAILS ON THE EXPERIMENTS

C.1 IMPLEMENTATION OF THE AUTOREGRESSIVE METHOD

In implementing the autoregressive method, we follow Fong et al.|[2023]] exactly based on the code available at https :
//github.com/edfong/MP. The copula hyperparameters are chosen by optimising the log-score on the observed data,
the initial distribution is a standard Gaussian, and the initial fit is averaged across 10 permutations of the observed data. The
autoregressive method depends on the ordering of the d variables. However, |[Fong et al. [2023] find that the ordering makes
little difference in practice. Thus, we select the default ordering in both examples.

C.2 ABALONE

The abalone dataset contains physical measurements of abalone shellfish, with the goal of predicting age from morphological
features. After dropping the discrete sex variable, we retain 8 continuous variables: shell length, diameter, and height (all
in mm), whole weight, shucked weight, viscera weight, and shell weight (all in grams), and the number of rings, which
determines age (age in years = rings + 1.5). The dataset contains 4, 177 observations. The experiments with d € {2, 4,6, 8}
use the first d variables in the order above, so that each larger problem strictly contains the smaller ones. Table [1|displays the
negative log-score and runtime results in table form.


https://github.com/edfong/MP
https://github.com/edfong/MP

Neg. log-score Runtime (s)
CC AR CC AR

1.04+0.02 0.95£0.03 2.724+0.36 14.00 £ 0.90
1.14+0.05 0.96£0.04 2.58+0.14 28.10+1.69
0.56£0.14 0.24+0.15 2.57+£0.18 41.11+1.26
0.80£0.04 0.48+0.16 2.47+£0.28 20.28+1.30

o N BN

Table 1: Neg. log-score and forward sampling runtime (mean =+ standard deviation across splits) for copula-coupled (CC)
and autoregressive (AR) predictive resampling on the abalone dataset.
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