
Exploiting Constraint Decomposition In Probabilistic Neuro-Symbolic Layers

Leander Kurscheidt1 Antonio Vergari1

1School of Informatics, University of Edinburgh, UK

Abstract

Computing exact probabilistic predictions under
algebraic constraints is a notoriously hard task
in high-dimensions. In this paper, we focus on a
number of application scenarios, such as trajec-
tory prediction, in which a high-dimensional dis-
tribution (possibly parameterized by a neural net-
work) needs to be exactly integrated over a lower-
dimensional algebraic constraint. We can exploit
this problem structure in a framework like PAL,
where probability distributions and constraints are
modeled independently, greatly speeding up the
computation of the constraint probability. Our so-
lution, named PcPAL, can capture intricate de-
pendencies over variables while delivering guaran-
teed satisfaction of the constraints while retaining
tractability, as shown on trajectory prediction tasks.

1 INTRODUCTION

For AI systems operating in safety-critical settings, reliable
decision-making depends on two capabilities: modeling un-
certainty through predicting probabilities and enforcing the
hard constraints dictated by the environment. Probabilis-
tic neuro-symbolic (NeSy) methods [Garcez et al., 2019,
2022, De Raedt et al., 2021] promise to enable trustwor-
thy AI by integrating symbolic reasoning over high-level
constraints into neural predictors. While recent NeSy ad-
vances like PAL [Kurscheidt et al., 2025] enable computing
probabilities over SMT algebraic constraints, scaling this
computation to high-dimensions is still an open problem .

In this paper, we focus on scaling these probabilistic NeSy
systems when it is necessary to guarantee reliable predic-
tions over an extended time horizon rather than at a single
instant [Liu and Hwang, 2010, Tang and Salakhutdinov,
2019]. In this scenarios, while the probability distribution
needs to capture dependencies in high-dimensional spaces,
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Figure 1: PcPAL combines predictions over long hori-
zons with guaranteed constraint-satisfaction. We show
the spatial distribution over future positions obtained by
marginalizing out time for PcPAL and GMM predictions.
Constraint violations are highlighted in red. See Section 5.2.

e.g., correlations between the time- and space-axis, the hard
constraints are defined over a lower-dimensional space. For
example, safety distance to other actors or boundaries im-
posed though e.g. building or obstacles are the same across
all time steps [Zeng et al., 2021, Chen et al., 2025]. Fo-
cusing on problems with constraints that decompose into
independent low-dimensional subgroups allows us to intro-
duce PcPAL, which exploits the same formulation of PAL,
but models the probabilistic component as a probabilistic
circuit (PC) [Darwiche, 2003, Vergari et al., 2019, Choi
et al., 2020]. This enables us to scale the computation of
the probability of a constraint being satisfied, also known
as the weighted model integral (WMI) , to longer horizons
(Fig. 1). We do this by investigating the following research-
questions: R1: How to scale WMI to high dimensions via
time-decomposable constraints? R2: How to extend PAL
(PcPAL) to high-dimensional, non-factorized predictions
under decomposable constraints? R3: Does the proposed
approach work in practice? We answer them next.

2 CONSTRAINED PROBABILISTIC
PREDICTIONS

Notation. We use uppercase letters to denote random vari-
ables (e.g., X,Y ) and lowercase letters for their realizations
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(e.g., x, y). Bold symbols represent (random) vectors (e.g.,
X,Y) and their joint assignments (e.g., x,y). Greek let-
ters such as Φ,∆, or Φ denote logical formulas mapping
real-valued variables to Boolean values (false or true). An
assignment x is said to satisfy a constraint Φ, written as
x |= Φ, if substituting x into Φ evaluates it to true. The
corresponding indicator function 1{x |= Φ} equals 1 if x
satisfies Φ, and 0 otherwise.

SMT(LRA) Constraints. In order to model the con-
straints imposed by the environment, we turn to
SMT(LRA), or satisfiability modulo theory over linear
real arithmetic (Barrett et al. 2021). SMT(LRA) is a logic
over both real-valued and boolean variables, and represents
constraints using piecewise-linear boundaries. We consider
quantifier-free SMT formulas over continuous variables X,
consisting of linear (in)equalities of the form

∑
i aiXi ▷◁ b,

where ▷◁∈ {≤,=}, combined using Boolean connectives,
so conjunctions (∧), disjunctions (∨), and negations (¬).
Example 1 (SMT formula). Consider the following
SMT formula over the bivariate variables X(1) =

{X(1)
1 , X

(1)
2 },X(2), . . . ,X(n) = {X(n)

1 , X
(n)
2 }, which de-

fines polytope-constraint per time-step t:

∆t(X
(t)) = X

(t)
1 ∈[0, 2] ∧X

(t)
2 ∈[0, 2]∧(X(t)

1 +X
(t)
2 ≤ 1)

∆(X) =

n∧
t=1

∆t(X
(t))

But furthermore, SMT(LRA) can scale to complex, non-
convex constraints, as seen in figure 1.

Setting. Our task is to learn a parameterized conditional
distribution of Y given X, i.e. pΘ(Y | X) from a dataset
D = (x(i),y(i)) consisting of realizations of the continu-
ous random variables X and Y. In contrast to the classical
unconstrained setting, the support of Y is restricted by a for-
mula Φ ∈ SMT(LRA), ensuring that pΘ(Y |= ¬Φ | ·) =
0. We further assume that Φ factorizes into independent
low-dimensional constraints

Φ(Y) =
∧
i

Φi(Ygroupi
) (Constraint Factorization)

with the variable scopes groupi being pairwise non-
overlapping and |Ygroupi

| ≪ |Y|. The formula in Exam-
ple 1 satisfies this desiderata.

PAL tackles the problem of predicting a probability distri-
bution over Y subject to constraints Φ, without exploiting
any specific structure in Φ. It represents the unconstrained
distribution over Y using a piecewise polynomial density
q with parameters λ, which are predicted by a neural net-
work fψ. The constrained distribution is then obtained by
restricting q to the feasible set and renormalizing via

pΘ(Y | x) = q(Y;λ=fψ(x))1{Y |= ϕ}∫
q(y′;λ=fψ(x))1{y′ |= ϕ} dy′ (PAL)

It is important to notice that the normalizing factor is not a
constant but a function of x, or, if we change perspective, a
function of λ. Efficiently and computing it is a major chal-
lenge. PAL approaches the problem by considering the sym-
bolic computation in λ, where λ is a simple parametrization
via the coefficients of the monomials:

I(λ) =

∫
q(y′;λ)1{y′ |= ϕ} dy′ (PAL WMI)

=

∫ ∑
α

λα

∏
i

(y′i)
αi1{y′ |= ϕ} dy′ (1)

=
∑
α

λα

∫ ∏
i

(y′i)
αi1{y′ |= ϕ} dy′

︸ ︷︷ ︸
:=Mα(ϕ), independent of λ

(2)

So by precomputing the constrained moments Mα(ϕ),
we can use knowledge compilation to turn PAL into an
efficient, exact and differentiable operation. Computing
Mα(ϕ) is done through GASP!, which is a GPU-accelerated
integration-backend that works through enumerating the fea-
sible area and numerically integrating the polynomial over
it without approximation. Unfortunately, both the number
of monomials and the computational complexity of Mα(ϕ)
explodes in high dimensions, limiting PAL to problems with
lower-dimensional predictions.

Probabilistic Circuits. PCs [Darwiche, 2003, Vergari
et al., 2019, Choi et al., 2020] provide a framework for
constructing expressive distributions by combining simple,
typically univariate, distributions while supporting tractable
operations such as conditioning and marginalization under
suitable structural conditions [Vergari et al., 2021]. We de-
fine a simple class of tensorized PCs [Loconte et al., 2025].
We consider univariate distributions as base input distribu-
tions. Each variable Xi is mapped into a vector fXi :

fXi : R → Ro, with fXi(Xi) = [pj(Xi)]
o
j=1 (3)

where pj is a density of a univariate distribution that sup-
ports tractable computation of the CDF. Rather than concate-
nating these representations, we treat them as separate vec-
tors throughout the circuit. Each vector l is associated with
a scope sc(l), indicating the subset of variables on which
it depends. Acting on these vectors, we use three types of
layers [Loconte et al., 2025]: the Kronecker-layer (K) that
combines two layers using an outer product, the sum-layer
(S) to transform a latent linearly, and the Tucker-layer (T)
to combine two layers using a multilinear transformation:

K : (Ra,Rb) → Ra·b K(l, l′) = vec(ll′⊤)

S : Ra → Ro S(l) = Wl

T : (Ra,Rb) → Ro [T(l, l′)]j = lTWjl
′

where we assume that the layers l and l′ are defined over
disjoint sets of variables, i.e., the PC is decomposable. We



can combine these layers until we reach a scalar which is
the output of the PC. Computing the normalizing constant
over such a circuit is now straightforward, the multi-linear
nature of K, S and T enables us to push the actual integral
from the overall computation back to the input-functions
and therefore results in the same circuit but starting with the
value of the integral over fXi instead of the density.

3 RELATED WORK

Many probabilistic NeSy methods [Marra et al., 2024] en-
force constraints only in expectation via loss penalties, us-
ing propositional [Xu et al., 2018, Ahmed et al., 2023],
fuzzy [Diligenti et al., 2017], physical [Stewart and Ermon,
2017], or algebraic [Fischer et al., 2019] formulations. This
typically yields no feasible sampling procedure and does
not guarantee constraint satisfaction. Unlike PcPAL, these
approaches therefore do not provide valid constrained dis-
tributions. Neuro-symbolic approaches to sequential prob-
lems, such as time-series prediction, have so far received
limited attention. A closely related line of work is relational
neuro-symbolic Markov models (NeSy-MMs) [Smet et al.,
2025]. In contrast to our setting, NeSy-MMs focus on hid-
den Markov models with constraints imposed on the latent
state space.While being able to express both discrete and
continuous constraints using DeepSeaProblog [Smet et al.,
2023], in contrast to PcPAL, closed form constrained distri-
butions are not available and inference relies on approximate
NeSy particle filtering.

4 EXPLOITING DECOMPOSABILITY

In this section, we scale PAL to high-dimensional problems
by exploiting the constraint decomposition in (Constraint
Factorization). Crucially, we decouple the factorization of
the constraints from the structure of the predictive distribu-
tion: although the constraints factorize over non-overlapping
low-dimensional groups, we construct an expressive distri-
bution that allows dependencies across groups, while ex-
ploiting the structure for efficient computation of the nor-
malization integral.

4.1 SCALING UP GASP!

In this section, we aim to answer R1, and establish whether
we can exploit the decomposability to tractably scale the
hard-constrained integral to high dimensions. As PAL is
based on polynomial densities, we consider the task of inte-
grating polynomials over SMT(LRA)-constrained domains.
In general, this task is intractable, even for a bounded-
degree polynomial over a single polytope of varying di-
mensionality [Baldoni et al., 2011]. Fortunately, for the
WMI over decomposable formulas (Constraint Factoriza-
tion), we can tractably compute the WMI. Under the

assumption that the dimensionality of the subgroups is
bounded (maxi |Ygroupi

|≤d), that AllSAT over each group
Φ(Ygroupi

) can be performed in polynomial time and that
our polynomials decomposes (using addition/multiplication)
according to the subgroups, we can compute the WMI
tractably in |Y| (See 7).We therefore positively answer R1
and recognize that we can exploit the decomposability to
tractably compute the WMI-integral, although with the re-
quirement that the polynomial, and therefore the density,
must factorize accordingly.

4.2 SCALING UP PAL

We now want to build upon out results of R1 to tackle
R2 without collapsing back to a simple factorization of the
predictive distribution. We start by considering how the com-
putation of the integral decomposes over the probabilistic
circuit. By pushing down the integral in both K and T, we
split the integral into lower-dimensional integrals over both
sc(l) and sc(l′). For the WMI over a PC under Constraint
Factorization, we can do the same as long as the scopes in
the formulas decompose accordingly. For WMI over a PC
under (Constraint Factorization), the same applies provided
that the scopes of the constraints decompose accordingly.
Using this observation, we can leverage R1 by structur-
ing the probabilistic circuits to respect the decomposition in
(Constraint Factorization), while allowing arbitrary structure
for the sub-circuits within each Ygroupi

. We call the use of
probabilistic circuits to exploit the decomposable structure
PcPAL. If we now require the input-functions to be polyno-
mial input-distributions, the sub-circuits over Ygroupi

are
just linear combinations of those and still polynomial. There-
fore, we can leverage GASP! and apply the PAL approach:
We can pre-compute the constrained moments Mα(Φi) over
the sub-circuits and just like in PAL exactly and efficiently
compute the integral over the lower-dimensional sub-circuits
and combine these integrals according overall circuit to com-
pute the partition function. In practice, we choose squared
splines as the density of the univariate input-distribution
and after predicting the parameters normalize them by their
unconstrained integral. Additionally each row Wr,· in the
sum-layer S and vec(Wi) for the tucker-layer T lie on the
simplex, which can be achieved through a simple softmax-
reparameterization. Under these conditions, the resulting
circuit represents a normalized probability distribution over
the unconstrained domain. To obtain a distribution satisfy-
ing the constraints Φ, we then restrict this distribution to the
feasible region and renormalize by its integral over Φ.

5 EXPERIMENTS

To answer R3, we now empirically investigate the perfor-
mance of our proposed method. We first analyses the scala-
bility of GASP! for decomposable problems. We then turn
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Figure 2: PcPAL captures the tight correla-
tions between consecutive steps, while na-
tively wrapping probability mass around the
infeasible obstacles. We show step-wise con-
ditional predictions for a 4-step rollout, where
each step is conditioned on all previous steps
and all the future steps are marginalized out.
The top row is a PcPAL-prediction and the bot-
tom row is a GMM.
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Figure 3: We can scale
the WMI-integral when
constraints decompose
into independent sub-
groups. This is the case
for prob. circuit PAL.
Left: GASP! timings.
Right: number of basis
elements required.

to a constrained trajectory prediction under obstacles.

5.1 SCALING UP GASP!

We first investigate the scalability of GASP! and compare
the timings of computing all the required moments Mα(Φ)
for PAL vs. all the required moments Mα(Φi) for PcPAL.
We generate formulas of 2n dimensions with 2-dimensional
subgroups. For each subgroup we generate 2 random, non-
overlapping simplices. Due to squared splines being used
in PAL and PcPAL to model densities, we prepare the mo-
ments for a 6-degree polynomial per dimension. Even just
enumerating the required basis elements for PAL results in
an combinatorial explosion, in addition to the intractable
WMI for each constrained moment. This can be seen in
figure 3, where we show the overall time to prepare the
required moments and the number of basis elements (con-
strained moments) to integrate over. One can see that we
can only prepare all the constrained moments up to 6 di-
mensions before timing out, whereas PcPAL scales linearly.
We therefore conclude that, using GASP!, we can scale the
required WMI over the constrained moments for PcPAL to
high dimensional problems. Details on the hardware-setup
are given in the appendix in 8.

5.2 CONSTRAINED TRAJECTORY PREDICTION

We evaluate PcPAL on a synthetic, constrained trajectory
prediction task (TPM-Obstacles). The 4-step trajectories are
constrained to the feasible area defined as the complement
of the letters TPM, as seen in figure 1. For each input x, we
sample feasible trajectories y originating from x and extend-

Table 1: We compare held-out log-likelihood (LL), average-
(ADE) and final displacement error (FDE), and the aver-
age probability of violating constraints P (¬Φ) for PcPAL,
GMM and IndPAL on TPM-Obstacles (See 9.3).

Model LL ADE FDE P (¬Φ)
PcPAL 1.39 0.57 0.77 0.0
GMM 0.94 0.59 0.79 0.35
IndPAL -0.13 0.58 0.78 0.0

ing outward in 8 directions (see 9.1 for more details). The
constraints act per step. We generate 80.000 datapoints and
train on 60.000 with 10.000 for validation and test. This
task combines strong dependencies between future time
steps with high uncertainty over the initial direction, requir-
ing both accurate modeling of cross-time correlations and
multi-modal predictive distributions. We compare PcPAL
to a constraints-unaware gaussian mixture-model predicted
by a neural network (GMM) [Bishop, 1994] and a predic-
tion of 4 independent PAL distributions (IndPAL) also by
a neural network conditioned on x. See 9.2 for more de-
tails. As visualized in figure 1 and 2, PcPAL models both
the high correlation as well as the multi-model nature of
the task, while wrapping the probability mass around the
constraints. This can be also seen in table 1, where PcPAL
obtains the best held-out log-likelihood, average- and final
displacement error with guaranteed constraint satisfaction.

6 CONCLUSION

We introduce PcPAL for non-factorizable predictive mod-
eling under decomposable constraints. We demonstrate
tractable WMI computation and accurate modeling of cross-
group dependencies while ensuring constraint satisfaction,
and validate the approach on synthetic data. For future work,
we plan to scale PcPAL to higher dimensions and evaluate
it on real-world benchmarks, such as constrained trajectory
prediction on Stanford Drone Dataset (SDD) [Robicquet
et al., 2016, Kurscheidt et al., 2025], extending its applica-
bility beyond the synthetic setting.
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7 TRACTABILITY WMI

Under the assumption that the polynomial decomposes (with addition/multiplication) along the groups of the constraints, by
linearity of the integral, we can decompose the integral into the same factorization and therefore reduce it to the integral
over the groups. As the dimensionality is bounded, we are looking at a WMI over a bounded dimension. Since we assume
AllSAT is polynomial, we can enumerate the polytopes that make of the feasible space, of which we can only have at most
polynomial many. As the description size of the polytope must itself be polynomial, the number of constraints defining
the polytopes must be polynomial in size. Therefore, I can only have polynomially many simplices [Ziegler, 1993]. As
integrating a polynomial over a simplex of bounded degree is a tractable operation [Baldoni et al., 2011], we have overall
tractability of the weighted model-integral.

8 GASP! BENCHMARK

This benchmarks generate a varying number of two-dimensional groups connected via constraints. Each group is connected
by generating two non-overlapping, two-dimensional simplices. We generate benchmark data from 1 to 10 groups. We
compare the time it takes to compute all the constrained moments for a decomposable polynomial of degree 6 per dimension
using GASP! for the enumeration of PAL (not exploiting decomposability) vs. PcPAL (which exploits the decomposability).
We run the benchmark on a NVIDIA L40-GPU with a timeout of 24 hours per group.

9 TPM-OBSTACLES

9.1 DATASET

For the TPM-Obstacles, we generate 80.000 4-step trajectories around uniformly-distributed feasible starting-points inside
our constraints (see 1 for a visualization of the constraints). Our proposal distribution for the constraints first samples one of
8 directions, and then samples steps along the line (step-size 0.22, points samples via a gaussian centered on the next-step
position and with an standard-deviation of 0.20). This proposal distribution is visualized in figure 4. We reject infeasible
trajectories. Samples of the constrained trajectories are visualized in figure 5

9.2 MODELS

For PcPAL we choose a hidden-Markov model-inspired architecture. We start with n input-functions each and then apply
the CP-layer (pairwise product). Then, we have two options: I. (tucker) We have a sum-layer to the latent and combine
two latents consecutively using a tucker layer, or II. (cp) we have skip the sum-layer, combine two latents again using a
tucker-layer, but the final combination is cp-layer again. Importantly, density of the input-distribution is a squared spline, but
we do not predict the parameters of the squared spline directly, but rather predict the parameters of gaussian and derive the
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Figure 4: Proposal distributions for our trajectories, centered on (0.5, 0.5)
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Figure 5: Randomly sampled trajectories of the TPM-Obstacles-dataset, infeasible area shown in grey.

parameters of the spline by evaluating the (root of) the gaussian density at the knot-point and taking the derivative of the
(root of) the gaussian density at the knot points.

We run the experiment for 20 epochs using a learning rate of 0.0001 with Adam.

The parameters get predicted by a fully connected neural network with hidden-size 128. We perform a grid-search over the
options:

• type: tucker and cp

• number of knots: 22, 26, 30, 34, 38

• number of input-functions (per dim): 16, 20, 24, 28, 32

For the conditional GMM, we have two covariance parametrizations we predict with a neural network. Either full covariance
(over all steps, so a 8-dimensional gaussian) or variances per step. We again choose a fully connected network but with a
hidden dimension of 320 and run a grid-search over:

• type full and per-step covariance

• numb. of mixtures 8, 16, 24, 32, 48

For the independent PAL we directly predict the parameters of the spline using the fully-connected network. We have a
fully-connected neural network with hidden dimension of 128. We run a grid-search over:

• numb. of knots 8, 12, 16, 22, 30



• numb. of mixtures 8, 12, 16, 24, 32

9.3 EVALUATION

We evaluate the models using:

• LL held-out log-likelihood on the test-set

• ADE (average displacement error) average RSME between a single sampled trajectory from the model and the
ground-truth datapoint over all datapoints in the test-set. A common metric to asses the quality of generated trajectories.

• FDE (final displacement error) average RSME between the final step of a single sampled trajectory from the model
and the ground-truth final step. A common metric to asses the final point where a generated trajectory might end up.

• Average Constraints Violation (P (¬Φ): For models that do not guarantee constraint-violation, we sample 512
trajectories per datapoint in the test-set and approximate the probability of sampling a feasible trajectory, we then
average the probability over the datapoints in the test-set.
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